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Chapter 1 
Introduction 



1.1 Overview 

Gravitation is believed to be one of the four fundamental forces in Nature. And so far 
it is also one of the interesting but difficult subjects to understand. While the Standard 
Model is able to describe other three forces, namely, electromagnetic, strong and weak 
forces, it does not include gravitation. As a consequence, not surprisingly, lot of efforts 
have been devoted to understand gravitation both within and beyond the general theory 
of relativity. 

In general theory of relativity (GTR) of gravitation, a measure of the effect of gravity 
in a space-time is given by 'curvature'. If there is matter, it makes the space-time 'curved' 
and thus induces gravity. GTR is a classical theory of gravity and it is very successful to 
understand the large scale structure of space-time. However there remain two intriguing 
issues in GTR. One is the appearance of curvature singularity and the other is the presence 
of space-time horizons. The concept of space-time curvature is quantified by using the 
Riemann curvature tensor (i? Q/3 ^). In a region of space-time where gravity is negligible 
the norm of this tensor vanishes and space-time is considered to be Minkwoskian. Near 
a strong gravitating object (like massive star or black hole) its norm is non-zero and 
it gives us an estimate how strong is that gravity. However if at any point this norm 
diverges to infinity the geometry does not remain smooth and that point is considered to 
be a space-time singularity. In fact at the centre of a black hole one finds this singularity. 
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As a consequence such a space-time is geodesically incomplete. Classical GTR cannot 
provide a satisfactory explanation of such a behaviour. 

Perhaps these are the reasons why physicists now look beyond the classical GTR to 
solve the above mentioned problems. There are three approaches which are widely stud- 
ied. These are based on semi-classical, loop quantum and string theory methods. In 
this thesis I shall discuss semi-classical approaches in which gravity is treated inherently 
classical but the fields moving in the background are considered to be quantum in nature. 
This provides some very important new insights about spacetime horizons like black hole 
(event) and cosmic horizons. For example black holes are identified as perfect thermo- 
dynamical systems and they are associated with an entropy and a physical temperature. 
Black holes in Einstein gravity have an entropy equal to one fourth of its horizon area 
{Ah) and its temperature is proportional to the surface gravity («) at the event horizon. 
These are respectively given by, 1 

_ k B c 3 A H _ 4irGk B M 2 
b -^GfT~ he 

and 

hcK = he 3 

2irk B MGMk B ' 
where in the second equality we have written the entropy and temperature for the 
Schwarzschild black hole which is the static, spherically symmetric solution of Einstein 
equation. The reason behind writing them explicitly is the following. Note that, in the 
above expressions for entropy and temperature (on the r.h.s of second equality), remark- 
ably, three fundamental constants G, c, h are appearing simultaneously. These constants 
respectively represent gravity, relativity and quantum mechanics which are also believed 
to be the ingredients of quantum gravity. Thus, interestingly all these theories meet at a 
single platform of black hole thermodynamics and by studying this subject it is expected 
to gain further insights on quantum theory for gravitation. In some sense black holes 
might play an important role for this which is somewhat similar to what atoms did before 
the advent of quantum mechanics. Moreover, one of the strong aspects of this approach 



1 here c is the speed of light in vacuum, ks is the Boltzman constant, G is the gravitational constant 
and h is the reduced Planck constant. 
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is that irrespective of the microscopic or quantum theory of gravity the results found 
here would still be valid at a relatively low energy scale (than the Planck scale) where 
quantum gravity is very weak. 

The thermodynamical aspect of black holes was first noticed when Bekenstein argued 
in favour of black hole entropy based on simple aspects of standard thermodynamics [1]- 
[3]. His point was that the entropy of the universe cannot decrease due to the capture 
of any object by black holes as that would violate the laws of usual thermodynamics. 
For making the total entropy of the universe at least unchanged, a black hole should 
gain same amount of entropy which is lost from the rest of the universe. This idea was 
supported by the work of Bardeen, Carter, Hawking [4] which revealed that the "laws 
of black hole mechanics" were closely similar to the "laws of thermodynamics" provided 
black holes have some temperature. Later, Hawking showed that black holes radiate 
with a temperature (1.2) [5]- [7], usually known as the Hawking temperature and thus the 
above ideas were given a solid mathematical ground. Finally, the analogy between the 
"first law of black hole mechanics" with the first law of thermodynamics gave a specific 
formula for the black hole entropy as one fourth of its horizon area, known as the famous 
Bekenstein-Hawking area law (1.1). This can also be derived by using the Wald entropy 
formula [8], [9] involving the diffeomorphism- invariant Lagrangian constructed through a 
combination of curvature invariants. 

After Hawking's original derivation, several approaches were advanced to deduce the 
semi-classical Hawking temperature. Amongst them two most intuitive approaches were 
the tunneling [10, 11] and anomaly [12, 13, 14, 15] mechanisms. Temperature can be 
obtained in two different ways through the tunneling method. These are null geodesic 
method [11] and Hamilton- Jacobi method [10]. Furthermore, the tunneling mechanism 
was used to go beyond the semi-classical approximation to find the corrections to the 
semi-classical Hawking temperature [16]. Also it was powerful enough to reproduce the 
blackbody spectrum of radiation [17]. 

Although till now there is no microscopic description of black hole entropy, several 
approaches have shown that the semi-classical Bekenstein-Hawking entropy undergoes 
corrections. These approaches are mainly based on field theory [18], quantum geometry 
[19], statistical mechanics [20], Cardy formula [21], brick wall method [22] and tunneling 
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method [23]. These corrections are very important since they play the dominant role in 
Planck scale where the effects of quantum gravity cannot be ignored. Therefore these 
corrections are an indirect way to understand the inherent features of the fundamental 
theory of gravity. 

One of the important thermodynamic properties that black holes exhibit is phase 
transition. Phase transitions in black holes was first observed by Hawking and Page [24] 
in Schwarzschild Anti-de Sitter space-time. It was shown that above a certain (minimum) 
temperature the thermal radiation in AdS space can collapse to form a black hole. If the 
mass of the black hole is low it is unstable and it absorbs radiation from thermal AdS 
space and increases its own mass. When the mass value reaches a critical point a phase 
transition takes place which makes the black hole thermodynamically stable. Thereafter 
several works [25]- [37] highlight phase transition in other black holes through various 
approaches. 

1.2 Outline of the thesis 

This thesis is based on my works [38]- [46] which are focussed to study various aspects of 
black hole physics. This includes the study of black holes from various viewpoints. Let 
us now mention some notable facets of these studies. In two of my papers [43], [46] we 
look into the issue of generalised Smarr formula for arbitrary dimensional black holes in 
Einstein-Maxwell gravity. We not only derive this formula for these black holes, but also 
demonstrate that such a formula can be expressed in the form of a dimension indepen- 
dent identity K x ^ = 2ST (where the l.h.s is the Komar conserved charge corresponding 
to the null Killing vector an d in the r.h.s S, T are the semi-classical entropy and 
temperature of a black hole) defined at the black hole event horizon. We also highlight 
the role of exact differentials in computations involving black hole thermodynamics [39], 
[40]. In fact results like the first law of black hole thermodynamics and semi-classical 
entropy are obtained without using the laws of black hole mechanics, as is usually done. 
The blackbody radiation spectrum for higher dimensional black holes is also computed by 
using a density matrix technique of tunneling mechanism by considering both event and 
cosmological horizons [41]. We also provide the modifications to the semi-classical Hawk- 
ing temperature and Bekenstein-Hawking entropy due to various effects [38], [39], [40], 
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[42] . These modifications are mainly found due to higher order (in ft) effects to the WKB 
ansatz used for the quantum tunneling formalism [39], [40], [42] and non- commutative 
effects [38], [42]. Finally, in [44], [45] we discuss phase transition phenomena in black 
holes. We formulate a new scheme based on Clausius-Clapeyron and Ehrenfest's equa- 
tions to exhibit and classify phase transitions in black holes in analogy to what is done 
in standard thermodynamics. 

The summary of each chapter of this thesis is given below. 

In chapter 2, we calculate the effective Komar conserved quantities for the Kerr- 
Newman and arbitrary dimensional charged Myers-Perry spacetime. The results thus 
obtained give an effective value of the mass and angular momentum of these charged 
and rotating black holes which are distinct from their respective asymptotic expressions. 
Using these results, at the event horizon, we derive a new identity K x n = 2ST where the 
left hand side is the Komar conserved quantity corresponding to the null Killing vector x M 
while in the right hand side S, T are the black hole entropy and Hawking temperature. 
From this identity we derive the generalized Smarr formula connecting the macroscopic 
parameters (M, J, Q) of the black hole with its surface gravity and horizon area. The 
consistency of this new formula is established by an independent algebraic approach. 
Finally, we provide the first law of black hole mechanics for these spacetimes. 

In chapter 3, we adopt the tunneling method for discussing Hawking effect. Mainly we 
follow two variants, one is based on the principle of detailed balance and the other uses a 
density matrix type analysis. While the first method identifies the Hawking temperature, 
it does not say anything about the radiation spectrum. The second method directly 
provides the radiation spectrum with the known temperature. 

We consider the tunneling of both scalar particles and fermions to compute Hawking 
temperature. The idea is to solve the Klein-Gordon or Dirac equation in the curved 
spacetime background by using a WKB type approach. The solutions thus found corre- 
spond to ingoing and outgoing modes. These modes are used to calculate the respective 
absorption/transmission probabilities. Finally, by using the principle of detailed balance, 
the Hawking temperature is identified. Going beyond the semi-classical limit we also 
consider higher order terms (in ft) in WKB ansatz. It generates some higher order cor- 
rections to semi-classical temperature with some unknown coefficients. We discuss more 
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about these coefficients in the next chapter (4). 

Then using a density matrix method, we show that black holes emit scalar particles 
and fermions with a perfect blackbody spectrum. The temperature is given by the semi- 
classical Hawking temperature. This result is valid for both black hole (event) horizon 
and cosmological horizon of arbitrary dimensional static black holes. In the presence of 
higher order corrections to the WKB ansatz the modified radiation spectrum retains its 
blackbody nature. However, the temperature receives some higher order in h corrections. 
This corrected temperature corresponding to the modified spectrum yields the semi- 
classical Hawking temperature at the lowest order (in H). 

Chapter 4 gives a new and conceptually simple approach to obtain the first law of 
black hole thermodynamics. It is based on a basic thermodynamical property that en- 
tropy (S) for any stationary black hole is a state function implying that dS must be an 
exact differential. Using this property we obtain some conditions which are analogous to 
Maxwells relations in ordinary thermodynamics. From these conditions we explicitly cal- 
culate the semiclassical Bekenstein-Hawking entropy, considering the most general metric 
represented by the Kerr-Newman spacetime in 3 + 1 dimensions and BTZ spacetime in 
2+1 dimensions. We then extend our method to find the corrected entropy of stationary 
black holes. For that we use the expressions of the corrected Hawking temperature found 
in chapter 3 using tunneling method beyond the semi-classical approximation. Using this 
corrected Hawking temperature we compute the corrected entropy, based on properties of 
exact differentials. By using an infinitesimal scale transformation to the metric the con- 
nection of the coefficient of the leading (logarithmic) correction with the trace anomaly 
of the stress tensor is established . We explicitly calculate this coefficient for stationary 
black holes with various metrics, emphasising the role of Komar integrals discussed in 
chapter 2. 

In the next chapter (5) we study thermodynamics of noncommutativity-inspired 
Schwarzschild black hole. Unlike the standard noncommutative (NC) geometry where 
a NC effect is introduced through the coordinate sector, here, it is introduced through 
the matter sector. This approach was first worked out in [47, 48]. The black hole solution 
is found by solving the Einstein equation, in which the left hand side (coordinate sector) 
is kept unchanged, but on the right hand side the energy momentum tensor represents 
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a NC fluid with inhomogeneous pressure. The static, spherically symmetric black hole 
solution is referred as NC Schwarzschild black hole. One important property of this black 
hole solution is that it is free from singularity, i.e., the scalar curvature does not diverge 
at r = 0, instead the black hole has a de-Sitter core for small r. We further discuss 
these issues in chapter 5. Then we study thermodynamic properties, like temperature, 
entropy/area law of this black hole. These expressions are found to be modified from the 
usual Schwarzschild spacetime due to the presence of NC parameter (9). Interestingly, 
Hawking temperature does not diverge as mass tends to zero, rather, it vanishes for a 
minimum remnant mass. The semi-classical area law is computed by using a graphical 
analysis for all orders in 9. In the lowest order of 9 we have the well known area law, 
but, from the next to leading order correction the functional form of this law is violated. 
There exist some extra terms like the exponential and error functions in addition of the 4 
term. Finally, we also find a general expression of entropy where both noncommutative 
and quantum corrections are present up to the leading order. Using the method used in 
chapter 4 we also calculate the coefficient of the leading (log) correction to the entropy 
which is found to be modified from the standard Schwarzschild example. All the results, 
in an appropriate limit, agree with the commutative counterpart. 

In chapter 6 we study phase transitions in black holes. We exploit fundamental 
concepts of thermodynamics to identify and classify black hole phase transitions. We 
use the scheme based on Clausius-Clapeyron and Ehrenfest relations which are satisfied 
for first and second order phase transitions respectively. We first derive these relations 
for black holes. Then we systematically study rotating Kerr black holes defined in anti- 
deSitter (AdS) spacetime. 

For the Kerr-AdS black holes we identify a phase transition from the smaller to 
higher mass branches. We do not find any discontinuity in the first order derivatives 
of Gibbs energy (G) (entropy or angular momentum) and thus the chance of a first 
order phase transition is ruled out. However, all second order derivatives of G (specific 
heat, volume expansion coefficient and compressibility) are found to be discontinuous 
and infinitely diverging at the phase transition point. This opens up the possibility of 
a second order phase transition. To confirm this, we check the validity of Ehrenfest's 
relations. It is found that despite the infinite divergences in individual quantities both 
Ehrenfest relations hold and consequently this transition is indeed second order. Then 
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we use thermodynamic state space geometry approach and study phase transitions in 
Kerr-AdS black holes. This particular approach is pioneered by the works of Wienhold 
[49] and Ruppeiner [50, 51]. We also build a close connection between the results found 
in this approach with those found by using the Ehrenfest's scheme. 

Finally, chapter 7 contains conclusions and future outlook. 



Chapter 2 



Killing symmetries, conserved 
charges and generalized Smarr 
formula 

A spacetime encoded with symmetries is known to have conserved physical entities. These 
symmetries are characterised by Killing vectors which satisfy the Killing equation 
+ V^,, = 0. For a given spacetime metric one needs to solve this equation to 
obtain all independent vector fields which obey this equation. Then the integral curves 
on these vector fields define symmetry directions of the spacetime. Also depending upon 
the number of these vectors one can associate an equal number of conserved quantities. 
These are known as Komar conserved quantities [52, 53]. In this chapter we shall dis- 
cuss the importance of such conserved charges and deduce the mass formula of arbitrary 
dimensional charged, rotating black holes. We shall also highlight a dimension indepen- 
dent interpretation of the mass formula for such spacetimes. However before addressing 
these issues we provide a brief introduction to Komar conserved charges from the existing 
literature. This would also serve as a motivation for the subsequent analysis. 

For an axially symmetric stationary spacetime one has multiple Killing vectors. Any 
N + 1 dimensional spacetime with one timelike and one spacelike Killing vector, given by 
= (1, 0, 0, • ••) and = (0, 0, 0, 1, • • •), has the following two conserved quantities 
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[52, 53] 



K (t) 



-I (2.1) 
,7r Jan 



and 



1 



K* =-— I e*d N - l ?,au- (2.2) 

respectively. Here E is a iV dimensional spatial volume element and its boundary <9E, 
where above expressions are denned, is iV — 1 dimensional spatial hypersurface. These 
expressions, when evaluated at asymptotic infinity, give distinct black hole parameters 
(mass M or angular momentum J) upto some normalisation constant. 

For example in the case of (3+1) dimensional Kerr- Newman black hole where the 
results at asymptotic infinity are lim Kc» = M (the normalisation (87r) _1 is chosen so 

r— >oo (*) 

that the result matches with the Newtonian mass in the weak field approximation) and 
lim Kc» = —2J. Based on these results one can now define a Komar mass (M) and 

r— ¥oo (0) 

Komar angular momentum (J) for (3+1) dimensional Kerr-Newman black hole in the 
following way 

M(3+D = ~ I (2.3) 



and 



1 



J(3 + i) = ^ / e^d^. (2.4) 

These definitions are often found in text books [54, 9]. However, note that while the 
normalisations between (2.1) and (2.3) do not differ they are not same for (2.2) and 
(2.4). This difference is required for the correct identification of the black hole angular 
momentum (J). 

Incidentally, when we are dealing with higher dimensions the normalisation for the 
black hole mass which should match with the Newtonian mass in the weak gravity limit 
also needs to be changed from its usual value as appears in (2.1). These identifications 
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finally define the Komar mass and angular momentum for the N+l dimensional charged, 
rotating Myers-Perry black hole [55], 



Thus we see that the Komar integrals describe physical entities at asymptotic infinity. 
But to evaluate these integrals considering this limit is not necessary. In fact one can 
calculate the respective values of these integrals without using such approximation, i.e., by 
staying at any arbitrary distance outside the black hole event horizon. Such a calculation 
does not suffer any conceptual problem. As it would be discussed in the latter parts of 
this chapter, the effective values of Komar integrals are indeed very useful to derive some 
key results of black hole physics with some new insights. 

2.1 Algebraic approach to Smarr formula 

In 1973, using an algebraic approach, Smarr [56] showed that the mass of Kerr-Newman 
black hole can be written as a sum of three terms; surface energy, rotational energy and 
electromagnetic energy. In this section we shall generalise that approach to derive a mass 
formula for N + l dimensional Reissner-Nordstrom (R-N) black holes. We also point out 
the problem of generalising this approach for higher dimensional rotating spacetimes. 

The metric for the N+l dimensional R-N black hole is easily found by setting a = in 
(2A.1). Similarly all other physical entities like the horizon radius, horizon area, Hawking 
temperature and black hole entropy for this spacetime are obtained from the respective 
expressions of Appendix 2. A. 

The horizon condition, A| r=r+ = (for a = 0), follows from (2A.2), 




(2.5) 



which reduces to (2.3) for N 



3 and, 




(2.6) 




(2.7) 
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Substituting this result in the expression of horizon area (2A.13) (with a = 0), we find 



JV-l 
N-2 



Now inverting this relation we obtain m in terms of Ah and q, given by 

JV-2 _ N-2 

{N-2)A H \ N - 1 , 2 / 4nA N - 3 \ 



-{^itf) + "\w^k) • (2 - 9) 

The differential form of this relation yields 

dm = tdA H + (j)dq (2.10) 
where, 

dm (N-2) 

t ~ dA~ H - (N-l)A N . 3 T (2 - 11} 



dm 2q 



dq (A - 2)r 



N-2 



(2.12) 



and the Hawking temperature T is defined in (6.40) with a = 0. From (2.9) we find that 
m is a homogeneous function of degree m {Ah, q 1 ^) respectively. Therefore making 
use of Euler's theorem on homogeneous functions it follows that 

m=^^-tA H + ^q. (2.13) 

Now let us express this relation in terms of physical mass (M), charge (Q), temperature 
(T) and electric potential ($) by using (2A.7), (2A.9), (6.40) and (2A.5) respectively. 
Here $ is the timelike part of the gauge potential A^ = — ( N _® r N-2 (1, 0, 0, 0, • • •) (also 
follows from (2A.5) with a = 0) and this can be calculated as follows. The A + 1 
dimensional R-N black hole being spherically symmetric, the global timelike Killing vector 
is £ M = (1, 0, 0, 0, ■ ■ •). Therefore the scalar potential is found to be 



$ = £M„| -PAJ =0-( „ , ) = „ 9 . (2.14) 



Now exploiting (2A.7), (2A.9), (6.40)and (2.14) and using (2A.10), (2A.14) one gets the 
desired result for the Smarr formula from (2.13), given by 

M-Q$ = ^^. (2.15) 

v A- 2 8tt v ; 
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This is a new result. Note that for Q = it yields the correct result for the N + 1 
dimensional Schwarzschild black hole [55] and for N = 3 it reduces to the well-known 
result for 3+1 dimensional R-N black hole [57]. 

Although the above algebraic approach successfully yields Smarr formula for the R-N 
black holes, unfortunately this cannot be generalized to the rotating case. The reason 
for this is that we cannot write the horizon radius as a function of mass and angular 
momentum, mimicking (2.7). A similar problem arises for the charged, rotating case 
(2A.1). In the subsequent part of this chapter we develop a new technique, using the 
concept of Killing symmetries and effective Komar conserved quantities, which solves this 
problem. 

2.2 Effective values of Komar conserved charges for 
the Kerr-Newman black hole 

Before addressing the issue of higher dimensions in this section we evaluate the Komar 
integrals for the Kerr-Newman black holes at a finite radial distance outside the event 
horizon. This will enable us to pursue an analogous treatment for the charged Myers- 
Perry spacetime in arbitrary dimensions. 

Kerr-Newman spacetime being axially symmetric it has two Killing vectors and cor- 
responding conserved charges are given by (2.1) and (2.2). In a coordinate free notation 
these are given by [58, 9, 59, 60] 




(2.16) 



and 




(2.17) 



respectively, where the timelike and spacelike Killing one forms are defined as 



°" = ^(t)^dx^ = g 0fl dx^ = g 00 (r, 9)dt + g 03 (r, 9)d<fr 
V = i^)^dx^ = g^dx^ = g 03 (r, 6)dt + g 33 (r, 6)d(p. 



(2.18) 
(2.19) 
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For the integral involving Komar mass (2.16) we provide the final result, as calculated 
in [58] , in the following form 

A V =M-g!-gV±^tan- a . (2.20) 
W 2r 2ar 2 r 

Let us now proceed with the evaluation of (2.17) without using any asymptotic approxi- 
mation. Differentiating (2.19) we find the following two form 

d v = ^dr A dt + ^d6 A dt + ^dr A dxf> + ^d6 A d<f>. (2.21) 
Or 00 or 00 

Instead of working with dt, dr, d9, dip let us introduce the following orthonormal one forms 

[58] 

— j dt; ^i=(x) rfr; ^2 = Ssrf^; x 3 = f — ^ — j (d(f) - Qdt) 
such that the metric (2B.1) takes the Minkwoskian form 

ds 2 = -Ag + + ^3 + ^2 ^.22) 
Using the inverse relations 

dt = -(^) 2 x ; dd =(^)* k * 
we write (2.21) as, 

drj = AioXi A x + A 2 o^2 A x + Ai 3 Xi A x 3 + A23X2 A x 3 (2.23) 

where 

A 9fe 1 ^ A V- A -^ 33 1 f2 24l 
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The dual of (2.23) is 

*drj = -Ai x 2 A x 3 + A 20 ih A x 3 + A i3 x 2 A x - A 23 x x A x (2.25) 
Using (2.22), above equation is written in usual coordinate two form as, 

*drj = 5 rt dr A dt + 5 6t d0 A dt + 5 r(j} dr A d<fi + 5 e(j) d9 A d<j) (2.26) 



where 



o r t = -A 2 o« I — ^ — I +A 23 LI — 



<fo = -[Ai 3 S - \ 10 tlVA S m9} 

fAsm 2 ey 

o r <t> — A 2 o I — — I 

5^ = -A lo ^Zsin0 (2.27) 



To calculate the effective Komar angular momentum (2.17) one needs to choose an 
appropriate boundary surface (<9£). It is the boundary of a spatial three volume (X) 
characterised by a constant r and dt = —^d<p. Under this condition (2.26) is simplified 

as 

*d v = -—S et de Ad(f) + 5e^d6 A# (2.28) 
Now substituting (2.28) in (2.17), we find the expression of Komar angular momentum 



Kg = / g —5etded<p - ±- I 5 ert> d6d<P (2.29) 



S W 87T J 5( 87T 

Moving along a closed contour, the first term of the right hand side gives the shift of 
time between the initial and the final events. Since we are performing an integration over 
simultaneous events this term must be subtracted from (2.29) [61, 58]. So we write the 
above equation as, 



H<t>) 



— / \ lo y/Asvn0dOd4 (2.30) 

37T J 



2.2. Effective values of Komar conserved charges for the Kerr-Newman black hole 



16 



where we have used the relation (2A.2). Substituting A 10 from (2.24), we write the above 
expression as 



K e = - I ( -n^ - ^dedt (2.3i) 

€ <*> 8tt / V dr dr ' v 



Using the metric coefficients 

q(Q 2 - 2Mr)sin 2 g 

903 = 5-; — 2 Ya — ( 2 - 32 ^ 

r z + a z cos z u 

sm 2 6((a 2 + r 2 )(r 2 + a 2 cos 2 9)-a 2 (Q 2 -2Mr)sm 2 9) 

933 = o— — 2 20 (2.33) 

we find, 

K& = \ [ 2 - ^ \r\2Q 2 - 3Mr) + ra 2 (Q 2 - Mr) + 

s w) 4 y (r z + a^cos^t^j^ 

a 2 (a 2 M + r(Q 2 - Mr)) cos 2 6}sin 3 6 d6 (2.34) 

After performing the integration we find the Komar conserved quantity corresponding to 
the spacelike one form r], given by, 

K e = - (2aM + ^ - & - ^^t^C-)) (2.35) 
C w V 2a 2r 2a 2 r 2 V7 V ; 

Taking the asymptotic limit one finds lim K v = —2Ma. This is different from the 

r— >oo 

angular momentum of Kerr-Newman black hole J = Ma. The anomalous factor —2 
appears here due to the use of the Boyer-Lindquist coordinate in defining the Kerr- 
Newman spacetime [62]. Therfore in order to derive the correct expression of angular 
momentum the normalisation of (2.17) should be changed accordingly. Thus our result 
(2.35) is divided by —2 to get the correct result of effective angular moentum, which 
yields, 

Thus we find that at finite radial distance mass (2.20) and angular momentum (2.36) 
of the Kerr-Newman black hole get modified. All extra contributions appearing here are 
due to the presence of electric charge outside the event horizon of a black hole. Other 
than the usual Coulomb's field there is also a coupling between the charge and angular 
momentum of the black hole. At infinity and/or charge-less limit they reproduce well 
known results. 
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2.3 Effective values of Komar conserved charges for 
charged Myers- Perry black holes 

In this section we extend the previous analysis to derive effective values of (2.16) and 
(2.17) by considering the arbitrary dimensional charged, rotating Myers-Perry spacetime 
(2A.1). The timelike and the spacelike one forms for the spacetime metric (2A.1) are 
respectively given by a = i(t)^dx^ = g^dx^ = g 00 dt + g 03 dxj>, i] = £ WM da^ = g 3fl dx^ = 
g 3 o dt + d(j). This yields the following two forms 

da = d r goo dr Adt + <%goo d9 A dt + <9 r go3 dr Ad(j) + dggo 3 d6 A d<p (2.37) 
dr) = d r g 03 dr Adt + dgg 03 dd A dt + d r g 33 dr Adcf) + dgg 33 d6 A d<p (2.38) 

The orthonormal basis for the spacetime metric (2A.1) is given by 



x = -\\ ( - £00^ dt] xi = ^fgT\dr 
*2 = sfg^ndO ; x 3 = v^33(# + —dt) (2.39) 

<?33 

x 4 = rcos^^X! ; x 5 = r cos^sinxi^X2 

Xj = r cos^sinxx • ■ • sin Xi-^dXis (where 6 < i < N + 1) 

in which the metric (2A.1) takes the Minkwoskian form 

ds 2 = -Xo + k\ + k\ H h x 2 N (2.40) 

Using the inverse relations, 

dt = :X ; dr = Xi 

. / 9 o3 n v9n 

<lf> = -^=*2] d</>=-^=(x 3 + — 903 2 x„) (2.11) 



'922 V^33 y Vgoog33 + 9m 

dxi — (rcos6') _1 X4 
dX2 = (r cos^sinxi) _1 x 5 
dxis = (r cos^sinxx • • • sinXj_ 4 ) _1 Xj (where 6 < i < N + 1) 
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(2.37) is written as 



da = AiqXi A x + A 20 x 2 A x + A 13 Xi A x 3 + A 23 x 2 A x 3 



where 



Aio 
A 20 
Ai 3 
A 23 



1 



~ 000033 

1 

— 000033 

1 a 

<A0O3 



1 933 r\ 903 a 

— d r g 00 + d r g 03 

Qxi V9u933 

d e g o + 903 d e g 03 

922 V5'225 , 33 




y/9ll933 
1 

\J 922933 



#0003 



(2.42) 

(2.43) 
(2.44) 
(2.45) 

(2.46) 
(2.47) 



The Hodge dual of (2.42) is 



"da 



^-A 10 x 2 A x 3 + A 20 xi A x 3 + A i3 x 2 A x - A 23 Xx A x ) A x 4 A x 5 A 



Using (2.39), the above expression is written in the usual coordinates as, 

/ ^?22 / ^?22 9 ^ 

= (-AioVfl'22fl'33^ Ad(f)+ [-A 10 g 3A Am/ — (9 03 ~ 9oo933)^]d8 A dt 

V 033 V 033 

+A 2Ov / 0ii033dr A d<p + [A 2O 0o3W — + A 23 . /— (g% 3 - 000033) ^dr A dt) A 

V 033 V 033 



(rcosOdxi) A (r cos 9 sin Xidx2) A 



(2.48) 



At this point we need to choose an appropriate boundary (<9£) characterised by a constant 

r and dt = —^dd). This choice of surface reduces (2.1) to 

900 r v ' 



a: 



CM 



(t) 



^ y Ai Ov /022033(^cos6 l ) Ar 3 <i6'(i0(ixisi n Xi rf X2 h 



SttG 

1 / 003 



87rG y #00 





Al O 0O3 \ I — + A13 A / — (0o 3 - 000033) 2 



(r cos 6) d6d(j)dxi sin Xio?X2 • •• 

The second term on the right hand side measures the time shifting, when one moves along 
a closed contour. Since the calculation is perfomed over simultaneous events we subtract 
this term[61, 58] from the above integral to obtain, 
1 



K, 



(*) 



8ttG 



Aio v / 022033^ cos6») d9d(j)dxi sin xidx2 



(2.49) 
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Making use of (2.43) we write the above equation as, 

Kq t) = - ^ J r N ~ 3 cos N - 3 9A(r, 9)d9d<bd X i • • • sin xn-^xn-3 (2.50) 



where A is defined as 



/ 922 

A(r, 6) = v/fefeAio = (flto^oo - S^r^oa) J — ■ — ^r, (2.51) 

V 933{-900933 + 903) 

Similar consideration for the other Killing vector will give the relation 

K tw = J r N ~ 3 cos N ~ 3 9V{r, 9)d9d(j)dxi • • • sin xn-^Xn-3 (2.52) 
where \l/ is given by 



*(r, 0) = - (gssdrgos - ^03^33) J — , 2 922 c- (2.53) 

V 9u(9o3 -9oo933) 

To find the effective values of K?» and Ken the above integrations (2.50, 2.52) need to 
be performed over all the angular variables (9, <p, Xw ' Xns)- 

Let us first separate different parts of the integral (2.50) and (2.52) in the following 
manner 

K* =-*—- deb r A N -^cos N - 3 9 A(r,9)d9 
^ 8rtG 7 0=o Y J e=0 

f'TT 

/ dxi sin xx - ■■ sin xn-4 dxN-3, (2.54) 

•'XiiXaj— >Xjv-3=0 

-t r2n pit 

= — - / # / r( N - 3) cos N - 3 6V(r,9)d9 

/»7T 

/ dxi sin xi • • • sin xn-4 dxN-3- (2.55) 

J yi ,Y2.-,yw_3=0 



Performing the integrations over the azimuthal angle (0) and angular variables (xi, X2, 
•Xn-s), we find 



K e = An ^ I r^- 3 ~>cos N - 3 9 A(r,9)d9 (2.56) 
w 4G 7fl=o 



/ r w- 3 ')coB rf - 3 e*(r,e)de. (2.57) 

e <« 4G ./ fl =o 
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where A^_ 3 has been defined in (2A.14). Now an explicit integration over the polar 
angle (8) gives the desired results for the effective values of different Komar conserved 
quantities for arbitrary dimensional charged Myers- Perry black holes. These are given by 

_A N . 3 fm q 2 q 2 a 2 (q 2 + r 2 ) N.N a 2 \ 

- ~G~ U " ^ ~ Nt^ 2Fl(2 ' 2"' 2" + ) ' (2 ' 58) 

and 

where, 

4mNr N+4 + 2q 2 r 2 [a 4 {N - 2) 2 + a 2 (N - A)(N - 2)r 2 - 4{N - l)r 4 ] 

Kl = N[N^) ^ 60) 

2a 2 (iV - 2)g 2 (a 2 + r 2 ) 2 2^(1, g^-g) 
2 " iV + 2 ' 1 ' j 

In the above expressions 2F% is a hypergeometric function, 

„ ,, , a 2 . 6.c, a 2 6(6+ l).c(c+ 1) . a 2 9 

2^(6,0;* -_) = ! + ^(-p) + 4^ ' (-^ + • • - (2.62) 

In the limiting case N = 3 (2.58) and (2.59) successfully reproduce the results of 
Kerr- Newman spacetime obtained in (2.20) and (2.35). Also note that for a finite r, the 
effective values of K^ and Kg* differ from their asymptotic values only due to presence 
of electric charge (q) in black holes. The extra contributions come in two different ways, 
one is proportional to the electric charge and the other is a coupling between the charge 
and the reduced angular momentum parameter (a). The second one can be termed as a 
gravito-electric effect. In the asymptotic limit all contributions due to the electric charge 
drop out and we find, 

2G 

S W {N-2)C 

Comparing these relations with (2A.7), (2A.8) and using the relations (2A.10), (2A.14) 
one finds, 

2(N — 2) 

lim K e = -A- lM (2.65) 

r^oo H*) (N—l) 

lim K e = -2J. (2.66) 

1 — >oo W) 



lim K*m = — (2.63) 

lim K e ^ = - " A 7^o^ - (2-64) 
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From these two equations it is now clear that only in (3+1) dimensions the asymp- 
totic value of the Komar conserved quantity, corresponding to the Killing vector £*L = 
(1,0,0,0), gives the correct value of the black hole mass (M). For any other higher di- 
mension the value of K^ differs from the black hole mass by a dimension dependent 
numerical factor. The other conserved quantity Kg* differs by —2 factor from the angular 
momentum (J) for all spacetime dimensions greater than or equal to four. 

In the subsequent part of this chapter we mainly focus on Myers-Perry spacetime and 
make use of (2.58) and (2.59) to study some important properties of black hole event 
horizons. Since the results of Kerr-Newman case can be obtained just be considering 
N = 3 limit we do not consider this case separately. 



2.4 The identity K x n = 2ST and Smarr mass formula 

In this section we shall make use of the effective expressions of Komar conserved charges 
and study some important properties of black hole event horizons. The motivation of 
doing this is the fact that event horizons are only special cases of Killing horizons. To 
see this recall that for a vector x^ to be Killing at the event horizon one must have 
(V M x^+ V M x^)r + = 0. Also, if we call the event horizon to be a Killing horizon this implies 
X fl Xfi\r=r + = 0, i.e. it should be null at the event horizon. For the spacetime metric (2A.1) 
although both £^ and £^ satisfy the first condition they violate the second one. Only a 
specific linear combination of these vectors, given by, x^ — Cm + &h£u) (where Qh is the 
angular velocity at the event horizon) satisfies both conditions. It can be verified that the 
use of x M leads to the correct result for the surface gravity k = y — | ( W^x u ) ( ^ pXv ) | r _ r+ = 
F (2A.17) which is related to the Hawking temperature (6.40) through the relation 
T — y~. Thus the black hole event horizon is a Killing horizon of the Killing vector x M . 

Because of such a Killing vector one can again associate a Komar conserved quantity 
at the event horizon, which can be finally brought to the following form 

if = K f M + VL H (2.67) 

Now it is easy to calculate this quantity by using the horizon condition A| r+ =0 and by 
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using equations (2A.11), (2.58) and (2.59). This result is found to be 

nr%- 3 (r 2 + + a 2 )A N - 3 \ ( (N - 4)(r| + a 2 ) + 2r% - (N - 2)<jVf ~ A 



where we have used the following identities involving the hypergeometric functions, 

Na 2 , JV + 2 JV + 4 iV iV + 2 a 2 

2F X (1, — — ; — — ; -^) + 2^(1, -; — — ; --) = 1 (2.69) 



(AT + 2)r 2 1V ' 2 ' 2 ' r 2 ' ±v ' 2 ' 2 ' r 2 

. A^ + 2 a 2 . N , N, , N N + 2 a 2 

2Fi(2, — ; ; -) = =- +1 2^(1, — ; ; 

2 2 ' r 2 ' 2(1 + 4) 2 ; u ' 2 ' 2 ' r 2 



It is very interesting to note that, using (2A.15) and (6.40), equation (2.68) can be written 

as 

K x » = 2ST, (2.71) 

i.e. the Komar conserved quantity at the event horizon corresponding to the null Killing 
vector is twice the product of Hawking temperature and black hole entropy. A remarkable 
feature of the above relation is that it is independent of the number of dimensions N. In 
the following we discuss the significance of this identity in two different contexts. 

First, it is possible to make a correspondence of (2.71) with a relation, 

E = 2ST, (2.72) 

discussed in the literature [63]-[67]. Here E is the conserved Noether charge corresponding 
to a diffeomorphic transformation of the spacetime metric which may not be a black hole 
metric. It can be of static Rindler type spacetime having a timelike Killing horizon. 
However we see that an analogous relation (2.71) is also found for a black hole spacetime 
which is nonstatic as well. A comparison between (2.72) and (2.71) together with (2.67) 
show that it is possible to identify £ as a particular combination of properly normalised 
Komar conserved quantities. 

Secondly, the significance of (2.71) in arbitrary dimension can also be understood by 
deriving the mass formula for black holes. For that first note that, the right hand side of 
(2.71) can be written in terms of surface gravity (re) and horizon area {Ah) of the black 
hole as 2(^)(^). Now we want to rewrite the left hand side of (2.71) as a combination 
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of three seperate terms, one invoving m, one involving ma and the other involving q 2 . To 
do that we use (2.67), (2.58), (2.59) together with the identities (2.69), (2.70) and the 
expression of Qh (2A.11). This gives 

A N _ 3 (m maVL H q 2 r^ N [a 2 (N - 3) + r^A - 2)]\ kA h 



G \2 N-2 (A - 2)(a 2 + r\) J 2 8vr 

Making use of the relations (2A.7), (2A.8) and (2A.9) we write the above relation as, 

2M ^ N - 2) 2ftnJ — 29V r „ - , J Q2 '^^ 7 3 > = 2^.74) 



(A-l) " (A - l)(a 2 + r\) (A — 1)(A — 2)(a 2 + r\) 



in 



The scalar potential $ at the event horizon is given by the timelike component of 
(2A.5). This is found by contracting with the Killing field, x M = + ^#£(0) = 
(1, 0, 0, Qh, 0, • • •) corresponding to the metric (2A.1) and is given by 

$ = X^Loo - ^ A A r =r + = ( N - 2 )r^-\rl + a 2 ) ^ 
Using the above relation, (2.74) is written as, 

M(N - 2) ( (N-2) a 2 (N-3) \ kA h 

Structurally this is very similar to the Smarr formula. However there is only one unfamil- 
iar term (involving a 2 ) arising at the left hand side of (2.76). Let us now recall that the 
spacetime (2A.1) is a solution of the Einstein-Maxwell equation only for slowly rotating 
case (upto linear order in a) [68] . Therefore we can drop this unfamiliar term and rewrite 
(2.76) in the following way, 

K A u 

M(N - 2) = (A - 1)Q H J + (A — 2)Q$ + (A - 1)— A (2.77) 

on 

This is the cherished Smarr mass formula for the A + 1 dimensional charged Myers- Perry 
black hole. 

One can also show that (2.77) is indeed compatible with the first law of black hole 
thermodynamics in the following way. Looking at the metric (2A.1) we can express the 
following three basic variables in terms of their dimensionless primed counterparts, given 
by 

m = X N - 2 m', a = Xa', q = X N ~ 2 q' , (2.78) 
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where A is a dimensionful quantity having the dimension of length. Now using (2.78) it 
is easy to check that the horizon radius can be expressed as r + = Xr' + . Exploiting these 
four basic transformations in (2A.7), (2A.8), (2A.9) and (2A.13) we obtain the following 
relations 

M = \ N ~ 2 M', J = A^ 1 J', Q = \ N ~ 2 Q', A H = X N - l A' H . (2.79) 

Now if we treat M, J, Ah and Q as independent variables then (2.77) is a homogeneous 
equation of degree (N — 2) in M, (N — l) in J, (N — 2) in Q and (N — 1) in Ah- Therefore 
one can now exploit Euler's theorem on homogeneous functions to extract the differential 
form of Smarr formula, 

dM = dA H + Q H dJ + $ dQ. (2.80) 

This is the desired result of the first law of black hole thermodynamics for rotating, 
charged black holes in arbitrary dimensions, compatible with (2.77). 

In 3+1 dimensions the resulting relation is the Smarr formula for the Kerr-Newman 
black hole. This was originally given by Smarr [56] and also by Bardeen, Carter and 
Hawking [4]. Moreover (2.77) is consistent with the result for the R-N black hole as 
derived in (2.15). Finally, this result also gives the correct Smarr formula for the arbitrary 
dimensional (charge-less) Myers-Perry black hole[55]. 

2.5 Discussions 

In this chapter we performed a detailed study to explore various important features of 
charged, rotating black holes in arbitrary dimensions. We discussed the thermodynamical 
properties of Kerr-Newman and charged Myers-Perry black holes. Using an algebraic ap- 
proach, motivated by the work of Smarr, we found a mass formula for N + 1 dimensional 
Reissner-Nordstrom black hole. However this method could not be generalized to the 
rotating case for higher dimensions. We therefore developed an alternative scheme which 
involved the knowledge of conserved quantities of the respective spacetime. These con- 
served quantities were related to various Killing symmetries and were found by evaluating 
the Komar integrals. The Komar integrals were evaluated at the boundary of a spatial 
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hypersurface in a spacetime. The exact nature of this surface was r = constant with 
time synchronised events. This gave a freedom to calculate these conserved quantities 
explicitly on any such surface, which need not be the asymptotic surface or event horizon 
of a black hole. These quantities were then used to find the Komar conserved quantity 
(K x n) at the event horizon corresponding to the null Killing vector This lead to the 
remarkable dimension independent identity, K xV . = 2ST. Here (S) and T were the black 
hole entropy and Hawking temperature respectively. The profound nature of this identity 
was that although each individual term was dimension dependent they together satisfy 
an identity which is completely dimension independent. As an application of this identity 
we derived the generalised Smarr formula for the Kerr-Newman and charged Myers- Perry 
black holes. This formula was also shown to be compatible with the first law of black hole 
thermodynamics. A connection of this identity for black hole event horizon was discussed 
with a similar relation E = 2ST (E is the Noether charge corresponding to diffeomorphic 
transformation of the metric coefficient) valid for any timelike Killing horizon which may 
or may not be associated with a black hole. 



Appendices 



2. A Glossary of formuale for charged Myers- Perry 
black hole 

The spacetime metric for the N+l dimensional charged Myers- Perry black hole in Boyer- 
Lindquist type coordinates, with one spin parameter (a), is given by [68, 69] 

, 2 A rn 9 2 \ , 2 r N - 2 H , 2 ^ . 2a{mr N - 2 - q 2 ) sin 2 9 , 7 J 



+ \^r 2 + a 2 + — ^ r 2(jv-3)V J sin ^ + r cos ^v-3> ( 2A - 1 ) 

with the following identifications, 

A = r N ~ 2 (r 2 + a 2 ) - mr 2 + q 2 r A ~ N , (2A.2) 
£ = r 2 + a 2 cos 2 fl, (2A.3) 



dft^_ 3 = d X \ + sin 2 xi[rfx2 + sin 2 x 2 (- • -dxls)}- ( 2A - 4 ) 
The electromagnetic potential one form for the spacetime (2A.1) is 

A = A^dx" = - {N _2) r N-^ ( dt - Gsin2 6d ^)- ( 2A - 5 ) 

In appropriate limits this metric reproduces the N+l dimensional spherically symmetric, 
static Schwarzscild, Reissner-Nordstrom [70] and axially symmetric, rotational Myers- 
Perry spcetime [55]. 
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It must be stated that the metric (2A.1) is a solution of the Einstein-Maxwell equation 
only for linear order in a [68]. However in our subsequent analysis we keep all terms 
involving a. Finally it will be shown that the arbitrary dimensional result for the Smarr 
formula, compatible with black hole thermodynamics, can be recovered only if terms 
linear in a are retained. 

The determinant (g) of the metric (2A.1) gives 

= v^Sr^" 3 sin 9 cos^ 3 6, (2A.6) 

where 7 is the determinant of the metric (2A.4). The parameters m, a, q are related 
with the physical mass (M), angular momentum (J) and charge (Q) through the relations 
given by 

M - ^£^ m ( 2A ,) 
J = ^±ma (2A.8) 



Here An-i is the area of the unit sphere in N — 1 dimensions 

-27T f-K AT— 3 „„- c) N/2 

i=l 



p2tt pit pit r> —N/2 

A N -i= dcj) sm6 cos N - 3 6d6 I] sin^" 3 ^ x dXi = ™. (2A.10) 
Jo Jo Jo 1 l iV /^J 



The position of the event horizon is represented by the largest root of the polynomial 
A r=r+ = 0. The angular velocity at the event horizon is given by 

Q H = —f— o- ( 2A - H ) 

r\ + a 1 

Let us now calculate the area of the event horizon for the spacetime metric (2A.1). 
This is given by the standard definition of horizon area by integrating the positive square- 
root of the induced metric {if) on the N — 1 dimensional spatial angular hypersurface (S) 
for fixed r = r + 

A H = [ ^\d N - 1 ^. (2A.12) 
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The result of the integration yields, 

Ah = 4<-W)^-3 , (2A , 3) 

Here A^_ 3 is the area of iV — 3 dimensional angular hypersurface represented by the 
angular variables Xj~ s 

A N - 3 = n / BinF-^XidXi = r(N rv ( 2AA4 ) 
i= i J o 1 It - l ) 

Therefore the semiclassical black hole entropy, as given by the Bekenstein-Hawking for- 
mula, yields 

s= ±L = <- 3 (rl + ^. (2A . 15) 
4 N-2 v ' 

To find the Hawking temperature we shall take help of Hawking's periodicity argument 
[71]. Such analysis can be simplified by considering the near horizon effective metric of 
(2A.1). Near the event horizon the effective theory is driven by the two dimensional 
it — r) metric [72]- [74]. In our case the two dimensional metric is given by (see appendix 
A) (2C.10). Now the metric (2C.10) has singularity at r = r + . To remove this singularity 
consider the following transformation 

x= Ii?V2( r ) (2A.16) 

K 



where k, the surface gravity of the black hole (2A.1), is given by 

F\r + ) _ (N - 4){r 2 + + a 2 ) + 1r\ - (N - 2)q 2 rf~ N) 
K ~ 2 ~ 2r + (r 2 + + a 2 ) ' 

Substituting (2 A. 16) in (2C.10) and then euclideanizing (i.e. t = it) we obtain, 

2 22/2k\ 2 2 



(2A.17) 



dsi fJ = (KxYdr 2 + [j^) dx 2 . (2A.18) 

This metric is regular at x = and r is regarded as an angular variable with period 2n / k, 
which is regarded as the inverse of Hawking temperature (in units of h = 1). Hence the 
explicit expression for Hawking temperature is given by, 

T = ^ = (N - 4)(r 2 + a 2 ) + 2r\ - (N - 2)q 2 rf- N) 
2tx ' 4iTr + (rl + a 2 ) 

In appropriate limits, (2A.15) and (6.40) reproduce the entropy and Hawking temperature 
for all other black holes in + 1 dimensions. 
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2.B Glossary of formulae for Kerr-Newman black 
hole 

The spacetime metric of the Kerr-Newman black hole in Boyer-Linquist coordinates 
(t, r, 9, 0) is given by, 

ds 2 = g 00 dt 2 + g n dr 2 + 2g 03 dtd(f) + g 33 d<f) 2 + g 22 d9 2 (2B.1) 

with the electromagnetic vector potential, 

A a = ~ [(dt) a - a sin 2 0(#) a ] 



and, 



-A(r) + a 2 sin 2 fl 

9oo - ^ (2B.2) 



9u 

903 



Sfr, 



A(r) ' 

-a sin 2 6(r 2 + a 2 - A(r)) 

WJ) 

(r 2 + a 2 ) 2 - A(r)a 2 sin 2 9 



9s* = sin W 

^22 = S(r,0) =r 2 + a 2 cos 2 ^ 

A(r) = r 2 + a 2 + Q 2 - 2Mr 
J 

a= M 

The Kerr-Newman metric represents the most general class of stationary black hole so- 
lution of Einstein-Maxwell equations having all three parameters Mass (M), Angular 
momentum (J) and Charge (Q). All other known stationary black hole solutions are 
encompassed by this three parameter solution. 

(i)For Q = it gives the rotating Kerr solution, (ii) J = leads to the Reissner- Nordstrom 
black hole, and (iii) for both Q = and J = the standard Schwarzschild solution is 
recovered. 

For the non-extremal Kerr-Newman black hole the location of outer (r+, event) and inner 
(r_) horizons are given by setting g rr = = g tt or equivalently A = 0, which gives 



r± = M± ^M 2 - a 2 - Q 2 . (2B.3) 
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The angular velocity of the event horizon, which follows from the general expression of 
angular velocity for any rotating black hole, is given by 



9<j>t 



9t<f> n 2 9tt 



ri_ + a z 



(2B.4) 



The electric potential at the event horizon is given by, 



ri + a 2 



(2B.5) 



The area of the event horizon is given by, 
A = / y/geeg<j>4>d9d(j) = 47r(r 2 + a 2 ) 

J r+ 

and semi-classical entropy is given by one fourth of its horizon area 
A n(r 2 , + a 2 ) 



(2B.6) 



S 



4h 



h 



(2B.7) 



The semiclassical Hawking temperature in terms of surface gravity (n) of the Kerr- 
Newman black hole is given by 



Hk _ h (r+ - M) 
2^ ~ 2^ (r 2 + a 2 ) 



(2B.8) 



Using (2B.3), (2B.4), (2B.5) and (2B.8) one can find the following quantities, 
1 2tt ( 2M[M + (M 2 - ^ - Q 2 ) 1 / 2 } - Q 2 



r H h 



X 



{M 2 -j^-Q 2 yi 2 



(2B.9) 



2ttJ 



hM WM 2 - 4t2 - Q 2 ) 1 / 



(2B.10) 



2ttQ[M+ (M 



2 _ Q 2 \ 1 / 2 



M 2 



h(M 2 -^-Q 2 y/ 2 



(2B.11) 
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2.C Dimensional Reduction for Charged Myers— Perry 
Black Hole 

We consider the complex scalar action under the background metric (2A.1): 

A = - J d N+1 X( P *(y lt +iA fl )(y ,t -iA' t )(p (2C.1) 



where d N+1 X = y/—gdtdrd9d<f)dxi dxN-3 with y/—g given by (2A.6). Now substitut- 
ing the expansion for if in terms of spherical harmonics 

<P= Vnn,m2,...,rn N - 1 (t,r)Y mi:m2! ,,, imN _ 1 (9,(f),Xl,----,XN-3) (2C.2) 

mi,m2,...,mjv_i 

and then using 

A 

(B,(j),Xi,---,XN-3) = m 2 Y mi 

,m2,...,mjv_i (9,<f>,xi, ....,XAf-3)(2C.3) 

we obtain, 

A — 2j Vm[,m^ r ..,m' N _ 1 ( i ^ r ) Y m[,mi 2 ,...,m' N _ 1 (^^ • — jXJV-s) 

m' 1 ,m2,...,ra^_ 1 

J dt dr*dn N ^^r N ~ z sin 9 cos N ~ 3 9 [(r 2 + a 2 ){d t + i^) 2 - d r * (r 2 + a 2 )<9 r * 
1 ^ (C \ f 2 \ 

_|_ a 2\ r N-2 \ ~ (6 , ,Xiv-,XiV-3)'' 

5^ ^r»i,m 3 ,...,m w _ 1 (t,r)l^ 1 , m3 ,.„, TOw _ 1 (0,0,Xl 5 »-- 5 XJV-3) (2C.4) 
mi,m2,...,mjv_i 

where, 

A = - e V(r) - mrflW; V W = (jy _ - ^ ; n = (2C.5) 

and G, L 2 e xn ^ are operators whose explicit forms are not necessary and e is the 
charge of the complex scalar field. Since near the horizon A — > 0, the scalar action 
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reduces to 



m' 1 ,m' 2 ,...,m' N _ 1 



J dt dr*dn N - ly /^r N - 3 sin9 cos^ 3 ^ (r 2 + a 2 )(d t + iA t ) 2 - d r *(r 2 + a 2 )d, 

,m 2 ,...,m J v_i (0,(f),Xi,---,XN-3) (2C.6) 



mi,m 2 ,...,mjv_i 



Now using the orthonormal condition 

/^,...^.3Sin S co S -^sin X ,.... S in XK . 4 

Cmj,..^-^: 0' Xl, XAf-3)5 / m ' 1 ,m 2 ,...,m^ v _ 1 0, Xl, XNs) 
— ^,mi 3m' N _ 1 ,m N - 1 (2C.7) 

we obtain, 

mi,m 2 ,...,mjv_i 

[(r 2 + a 2 )(<9 t + ^ A) 2 - <9 r *(r 2 + a 2 )«9 r ,] <^ mi , m2 ,..., mjv _ 1 (i,r) (2C.8) 
Reverting back to the original r coordinate, 

mi,m 2 ,....,mjv-i 

+ ^ r ( r 2 _|_ a 2yN~2 V 9 mi,m 2 ,....,m ]v _i ?") (2C.9) 

Here H is a function of r + whose explicit expression is not required for our analysis. 
This shows that each partial wave mode of the fields can be described near the horizon 
as a (1 + 1) dimensional complex scalar field with two U(l) gauge potentials V(r),fi(r) 
and the dilaton field ip = H(r + ). It should be noted that the above action for each 
mi, mi-, ■■■■■> m N-i can also be obtained from a complex scalar field action in the back- 
ground of metric 

dv^ 

ds 2 eff = -F{r)dt 2 + Wy (2C.10) 
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where 

2 

771 (] 

F ^ = 1 ~ r N ~\r 2 + a 2 ) + r^ N ~^{r 2 + a?) (2C.11) 

with the dilaton field ip. A detailed study on dimensional reduction can be found in 
[13, 74, 75]. Subsequently we use this effective metric to derive the Hawking temperature 
(6.40). 



Chapter 3 

Quantum tunneling and the 
Hawking effect 



In pathbreaking works Hawking [5]- [7], considering quantum fields moving in a curved 
spacetime, first showed that black holes behave exactly like a blackbody. They emit 
radiation with a pure thermal spectrum, provided the backreaction effect on the metric 
is neglected. This is known as Hawking effect. After this derivation some alternative 
suggestions have also been put forward. There are two popular approaches. One is based 
on the gravitational anomaly- either the trace anomaly [12] or the divergence anomaly 
[13], [14]. The other involves the quantum tunneling mechanism [10], [11]. An attempt 
has also been made made to connect these two approaches [76] -[78]. In this chapter we 
adopt the quantum tunneling method for discussing Hawking effect. In this picture one 
can derive both Hawking temperature and blackbody spectrum. There are two variants 
in which temperature can be derived. The radiation spectrum is found by following a 
density matrix method first introduced in [17]. These ideas have been profusely researched 
in the last one decade [79]- [119]. 

In the tunneling picture a pair creation takes place inside the black hole event hori- 
zon. One mode goes towards the centre of the black hole and is completely lost. There is 
another mode which come across the event horizon from inside to outside. However this 
path is classically forbidden and can only be defined in terms of complex coordinates. Us- 
ing this method of complex path (also known as Hamilton- Jacobi (WKB) type approach) 
we calculate the semi-classical Hawking temperature. This method, however, is unable 
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to tell us anything about the radiation spectrum. Therefore we also consider a density 
matrix method and derive the blackbody radiation spectrum not only for black holes but 
also for cosmological horizons. In addition to that we discuss a general formalism where 
one can go beyond the semi-classical framework. Incidentally in this case we generate 
some higher order corrections (in K) to the semi-classical Hawking temperature. A simi- 
lar conclusion is drawn by finding the modified blackbody spectrum by going beyond the 
semi-classical approximation. 

This chapter is organised in the following manner. In section-3.1 we discuss tunneling 
of scalar particles and fermions and derive semi-classical Hawking temperature consid- 
ering the Kerr-Newman spacetime. The next section (3.2) is used for computation of 
temperature of a black hole beyond the semi-classical limit. Using a density matrix tech- 
nique we calculate the blackbody spectrum of Hawking radiation in section-3.3. Finally 
in the last section (3.4) modified blackbody spectrum is derived where we show that 
the thermal nature does not get changed, rather, temperature gets some higher order 
corrections. There are three appendices presented at the very end of this chapter where 
we provide maximal extension of spacetimes through the black hole (event) and cosmic 
horizons (appendices 3. A and 3.B)) and also describe a method of identifying various 
modes of particle creation (appendix 3.C). 

3.1 Derivation of semi-classical Hawking tempera- 
ture 

In the derivation of Hawking temperature through tunneling mechanism we shall consider 
two cases of scalar and fermion particles separately. Both these approaches yield an 
identical result for Hawking temperature which is reassuring. In our analysis we shall 
focus on Kerr-Newman spacetime but this approach is general enough to include all such 
space-time metrics where r — t sector can be decoupled from the angular parts in the 
near horizon limit. 

For the case of Kerr-Newman (KN) spacetime, in order to isolate the r — t sector, we 
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first rewrite the original metric (2B.1) in the following form 

2 

ds 2 = (g 00 - ^)dt 2 + g 33 (d<P + 9 -^dt) 2 + g u dr 2 + g 22 d9 

#33 #33 



(3.1) 



As tunneling mechanism is a local phenomena and defined infinitesimally close to the 
event horizon we take the near horizon form of this metric and redefine the angular part 
in such a way that the r — t sector becomes isolated. This redefinition only changes the 
notion of the total energy for the tunneling particle (as we shall see) and does not affect 
the thermodynamical entities of the black hole. In the case of (3.1) this issue is very 
subtle since the metric coefficients not only depend on r but also on 9. However, because 
of the presence of an ergosphere, — #oo( r >$) in (2B.1) is positive at the horizon for two 
specific values of 9, say, 9 = or it. For these two values of 9 the ergosphere and the 
event horizon coincide. Physically tunneling of any particle through the horizon of the 
Kerr- Newman black hole is allowed only for these two specific values of 9. 

When we take the near horizon limit of the metric (3.1) the value of 9 is first fixed to 
9 . Then the metric near the horizon for fixed 9 = 9 is given by, 

dr 2 



ds 2 



-F(r +} 9 )(r-r + )dt 2 + ^ 



g(r + ,9 )(r - r+) 



+ g 3 3(r + ,9 )(d<f ) -n }1 dty (3.2) 



where, 



9 



[dr(gn 

#03| 
#33 ^ 



-#oo 



r+ 



#03 
#33 



r+ 



rl + a 2 ' 



(3.3) 



Here f2n is the angular velocity at event horizon. Finally, a coordinate transformation 



dx 



— Qudt 



X = <p - Slut 



(3.4) 



will take the metric (3.2) into an effective 2 dimensional r — t sector, given by 

dr 2 



ds' 



-F(r + ,9 )(r-r + )dt 2 + - 



+ 933(r+,9 )dx 



(3.5) 



9(r+, o )(r - r+) 

where the 'r — V sector is isolated from the angular part dx 2 and has the following form, 



ds 2 = -f{r)dt 2 + 



g(r 



-dr' 



(3.6) 
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where 



f(r) = F(r + ,9 )(r-r + ) 



(3.7) 



g (r) = g(r + ,9 )(r - r+). 

Also note that, as inside the ergosphere no observer can be static, the redefinition of 
angular coordinate in (3.4) is necessary for taking the near horizon limit. Physically it 
ensures that the observer is in a nonstatic frame of reference. Now we shall consider the 
new reduced metric and study scalar and fermion tunneling separately. 

3.1.1 Scalar Particle tunneling 

The massless scalar particle in spacetime (3.5) is governed by the Klein-Gordon equation 



In the tunneling approach we are concerned about the radial trajectory, so that only the 
r — t sector (3.6) of the metric (3.5) is relevant. 

To solve (3.8) under the effective background metric (3.5) we therefore start with the 
following standard WKB ansatz for $ as 




(3.8) 



$(r, t) 



exp[--<S(r.t)], 



(3.9) 



where, 




(3.10) 



Substituting $ in (3.8) yields, 




h d 2 S 



- + h>y f(r)g{r) 



d 2 S 



y/f(r)g(r)\dt 



Or 2 




(3.11) 
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Considering the semi-classical limit, i.e. only considering the terms of zeroth order in h 
in both sides of the above equation, we get 

°g = ±v / 7M^. (3.12) 

This first order partial differential has a structure similar to the Hamilton- Jacobi (HJ) 
equation. Realising this one can now consider a general form of the semi-classical action 
for the original Kerr-Newman spacetime (2B.1), given by 

So(r,t,6,<l>) = K* t + K# <f> + S (r,e). (3.13) 

Here and are the Komar conserved quantities [52, 53] corresponding to the 

two Killing vectors £jL (timelike) and £^ (spacelike) and represented by the equations 
(2.16) and (2.17). 

In the near horizon approximation for fixed 9 = 6 and using (3.4) one can isolate the 
semi-classical action (3.13) for the ! r — f sector as, 

S (r,t) =ut + S (r), (3.14) 

where 

to = (K* + £l B K* )| (3.15) 

is identified as the total energy of the tunneling particle at the event horizon. 

To find the solution for So(r,t), let us put (3.14) in the partial differential equation 
(3.12) and integrate to obtain 

S {r) = ±u / . (3.16) 

Jc VWW) 

The + (-) sign indicates that the particle is ingoing (outgoing) 1 . Using the above 
expression one can write (3.14) as 

S (r,t) = (ut±u / ). (3.17) 

Jc y/f{r)g(r) 



1 See appendix 3.C for further details. 
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The solution for the ingoing and outgoing particle of the Klein-Gordon equation under 
the background metric (3.6) follows from (3.9) and (3.10), 



exp 



h 



ut + U 



dr 



c 



(3.18) 



and 



$ out = exp 



if f dr 

- [ut — U / . / , 



r 



(3.19) 



The paths for the ingoing and outgoing particle crossing the event horizon are not same. 
The ingoing particle can cross the event horizon classically, whereas, the outgoing particle 
trajectory is classically forbidden. The metric coefficients for 'r — V sector alter sign at 
the two sides of the event horizon. Therefore, the path in which tunneling takes place 
has an imaginary time coordinate (Im t). The ingoing and outgoing probabilities are now 
given by, 



1$; 



exp 



\2 f T f* dr 

— ulm t + ulm / — . 



(3.20) 



and 



out 



1$ 



out 



exp 



2/ T T f dr 

— ulm. t — ulm I — . 



(3.21) 



Since in the classical limit {h — > 0) P in is unity, one has, 

dr 

Im t = — Im 



o 



(3.22) 



The presence of this imaginary time component is due to the connection between the 
two patches (in Kruskal-Szekeres coordinates) exterior and interior of the event horizon. 
This connection is only possible by considering a contribution coming from the imaginary 
time coordinate. The value of this contribution is 2iriM [89] which exactly coincides with 
(3.22) evaluated for the Schwarzschild case with f{r) = g{r) = (1 — ^). 

As a result the outgoing probability for the tunneling particle becomes, 



Pout = exp 



— -culm 
n 



dr 



c 



r j 



(3.23) 
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The principle of "detailed balance" [10] for the ingoing and outgoing probabilities states 
that, 

P out = exp ( - £-) P in = exp ( - (3.24) 

where in the second equality we have considered P m = 1. Comparing (3.23) and (3.24) 
semiclassical Hawking temperature for the Kerr-Newman black hole is now given by 

T "(imf^^r 1 (3.25) 



c 



Using the expressions of f(r) and g(r) form (3.7) it follows that, 



_ hy/F(r + ,9 )g(r + ,9 ) _ h (r + - M) 
Th ~ 4^ ~to(Ti + a?y (3 - 26) 

which is the familiar result of semi-classical Hawking temperature for KN spacetime. An 
identical result is also obtained by studying tunneling of fermions. We now discuss this 
issue. 



3.1.2 Fermion tunneling 

In this subsection we discuss Hawking effect through the tunneling of fermions. The 
Dirac equation for massless fermions is given by 

irfDyft = 0, (3.27) 

where the covariant derivative is defined as, 

d, = a„ + ^rv%0 

IV = (3.28) 

and 

S Q/ 3 = -ghwlp] (3-29) 
The 7 M matrices satisfy the anticommutation relation {7^,7^} = 2g fJ,u x 1. 
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We are concerned only with the radial trajectory and for this it is useful to work with 
the metric (3.6). Using this one can write (3.27) as 



i-fdrf - o (*Vi% - <r>fi%) Kt^p = o 



(3.30) 



The nonvanishing connections which contribute to the resulting equation are 

f'n . f 

-Ar=L- (3-31) 



1 tt 



2 '~ ir 2f 

Let us define the 7 matrices for the 'r — tf sector as 



7* = "7=7°, Y = V^W7 3 , 



(3.32) 



where 7 and 7 s are members of the standard Weyl or chiral representation of 7 matrices 
[120, 121] in Minkwoski spacetime, expressed as 



f l\ 




( a 3 \ 




1 H 




[-101 




l ff3 



7 



Using (3.29), (3.31) and (3.32) the equation of motion (3.30) is simplified as, 



(3.33) 



where 



/ 



1 f(r) 

2 V 9(r) 



2/(r) 



10 



(3.34) 



0-100 
0-10 

\ oiy 



(3.35) 



The spin up (+ ve V direction) and spin down (- ve V direction) ansatz for the Dirac 
field have the following forms respectively, 





B(t,r) 

V 1 



exp 



(3.36) 
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and 



( \ 

C(t,r) 


V D(t,r) J 



exp 



h 



(3.37) 



Here I^(r,t) is the action for the spin up case and will be expanded in powers of h. We 
shall perform our analysis within the semiclassical framework and only for the spin up 
case since the spin down case is fully analogous. On substitution of the ansatz (3.36) in 
(3.34) and simplifying, we get the following two nonzero equations, 



(3.38) 



B(t,r)[d t I t (r,t) + y/fgdMr,t)] = 



and 



A(t,r)[d t I t (r,t) - y/fgd r I t (r,t)\ = 0. 



Now let us expand all the variables in the £ r — t' sector in powers of h, as 



(3.39) 



J t (r, t) = I(r, t) = loir, t) + ^ h%(r, t) 

i 

A(r,t) = A (r,t) + J2 hl Mr,t) 

i 

B(r,t) = B (r,t) + ^^(r,t). 



(3.40) 



In the semiclassical limit we perform calculations by considering the lowest order terms 
(H°) in the above expansion. Substituting these terms from (3.40) into (3.38) and (3.39) 
and equating the coefficients of h° in both sides we find 



(3.41) 



SoM (dtI Q (r,t) + yTg d r I (r,tfj = 
A (r,t) (d t I {r,t) - yTg drhir.t)) = 0. 



Thus we have the following sets of solutions, respectively, for B ^ and A ^ 0, 



Set-I : d t I (r, t) + y/fg d r I (r, t) = 



(3.42) 
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Set-II : d t J (r, t) - ^Jg d r I (r, t) = 0. (3.43) 

Similar to the scalar particle tunneling here also one can separate the semiclassical action 
for the 'r — £' sector as 



I (r,t)=wt + W (r), (3.44) 
Substituting (3.44) in (3.42) and (3.43) and integrating we get 

W?(r) = ±uf ~ 7 =£= (3.45) 
and subsequently 

J (r, t) = ( cot ± u f -y== 1 . (3-46) 



c 



where + (-) sign implies that the particle is ingoing (outgoing). This is an exact analogue 
of the scalar particle tunneling case (3.17) and ultimately it leads to an identical expres- 
sion of semi-classical Hawking temperature as given by (3.26) by exactly mimicking the 
steps discussed in the case of scalar particle example. 

The agreement of the final result of temperature by using two different kinds of 
particles enhances the acceptability of the tunneling mechanism in discussing Hawking 
effect. In the calculations in last two subsections we have not considered the higher order 
terms in h. These were confined within known semi-classical framework. However it is 
possible to include the higher order (in K) terms in the computation by going beyond this 
semi-classical approximation. In the next section we shall address this issue and generate 
higher order corrections to Hawking temperature. 



3.2 Derivation of corrected Hawking temperature be- 
yond semi-classical limit 

In this section we build on the ideas of tunneling mechanism discussed in last section and 
present a formulation to include higher order terms in WKB ansatz. Both scalar and 
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fermion tunneling will be discussed which eventually generate higher order corrections to 
the semi-classical Hawking temperature. This approach was first introduced in [16] for 
spherically symmetric, static black holes. Our motivation is to include the nonspherically 
symmetric, nonstatic black holes into the general formalism. 



3.2.1 Scalar particle tunneling 

As we have already mentioned that by going beyond the semi-classical framework we 
mean to include higher order in h terms coming with the WKB ansatz (3.9) and (3.10). 
The idea is to substitute (3.9) into the field equation (3.8) considering the full expansion 
(3.10). Then one can isolate the coefficients of different powers of h from two sides which 
ultimately can be reduced to the following mathematical structures 2 

if-. d f= ±v7um d f, 



and so on. Note that the n-th order solution is expressed by, 

9 -§ = ±^WW)^ (3.47) 

where (n — 0, i; i — 1, 2, ...). 

The solution for all Si(r,t)' s, is similar to (3.14), modulo a proportionality factor, 
since they satisfy generically identical equations as (3.47). The most general form of 
action including the contribution from all orders of h is then given by 

S(r,t) = (l + J2litf)So(r,t), (3.48) 



2 whcrc to find the coefficient of h 1 we have used the relation obtained for h° case and so on. 
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It is clear that the dimension of 7$ is equal to the dimension of h~ l . Let us now perform the 
following dimensional analysis to express these ji s in terms of dimensionless constants. 
In (3+1) dimensions in the unit of G = c = Kb = = 1, Vh is proportional to 
Planck length (l p ), Planck mass (m p ) and Planck charge (q p ) 3 . Therefore for the Kerr- 
Newman black hole, where l p , m p and q p are replaced by r + , M and Q, respectively, the 
most general term having dimension of H can be expressed in terms of these black hole 
parameters as 

H KN (M } J, Q) = a x r\ + a 2 Mr + + a 3 M 2 + a A r + Q + a 5 MQ + a 6 Q 2 . (3.49) 
Using this the action in (3.48) now takes the form 

5(r,t) = (l + X;#-)5b(r,t). (3-50) 

Upon substitution of this action (together with (3.17)) into (3.9) we can now find the 
ingoing and outgoing modes exactly similar to (3.18) and (3.19) with an extra factor 
(1 + Y] jtt-) in the power of exponential function. Now it is trivial to folllow the rest of 
the analysis (as provided for the semiclassical case) to calculate the corrected Hawking 
temperature. This is found to be 

T bh = T H (l + ^A-^) _1 . (3.51) 

Thus it is seen that the inclusion of higher order terms in h modifies the temperature 
of a black hole. Although this derivation is carried out for the KN spacetime it should 
be mentioned that all other black holes which are only special cases (Schwarzschild, 
Reissner-Nordstrom, Kerr) are already included in this general formalism. In each case 
we find that higher order corrections contain some unknown parameters which cannot be 
fixed within the tunneling formalism. However as we shall see, most of these unknown 
parameters can be fixed by considering the state function nature of black hole entropy 
and also by using the trace anomaly of the stress/energy-momentum tensor. These issues 
are discussed in chapters 4 and 5. 
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3.2.2 Fermion tunneling 

One can also extend the previous analysis of calculating corrected Hawking tempera- 
ture by considering fermions. To do that we consider the full expansion of the ansatz 
(3.36,3.40) by using the set of equations (3.38,3.39). Rearranging terms coming with dif- 
ferent powers of h now we have the following sets of solutions, respectively, for B^s^O 
and A a 's ^ 0, 



As a result, similar to the scalar particle tunneling, here also one can write the most 
general solution for I(r,t), given by 



This is an exact analogue of the scalar particle tunneling case (3.48) and it is trivial to 
check this will lead to an identical expression of corrected Hawking temperature as given 
by (3.51) and (3.26) by exactly mimicking the steps discussed there. 

3.3 Derivation of blackbody spectrum 

In the last section we have calculated Hawking temperature by using the Hamilton- Jacob i 
type approach. In this section using a density matrix technique we calculate the radiation 
spectrum for black holes. This approach was first provided in [17] for the event horizons 
of spherically symmetric, static black holes in (3+1) dimensions. Later this method was 
used for other black holes [74] as well as for Rindler type metrics [122]. In our work 
we shall generalise this to arbitrary dimensions, for cosmological horizons and also go 
beyond the semi-classical framework to find modified blackbody spectrum. 

Let us first consider an arbitrary dimensional spherically symmetric, static spacetime 
represented by a generic metric 




(3.52) 




(3.53) 




(3.54) 



ds 2 = -g(r)dt 2 + -^dr 2 + r 2 dVi 2 L 
9{r) 



D-2 



(3.55) 
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The positions of the horizons can be found by solving g(r = 77J = 0. For the asymptoti- 
cally flat and AdS black holes there is only one event horizon given by the largest root of 
this equation. For the dS case the largest root gives the position of cosmic horizon and 
the second largest root is the black hole event horizon. 

We start our analysis by considering the massless scalar particle governed by the 
Klein-Gordon equation (3.8) in the background of the spacetime metric (3.55). Since in 
our analysis we shall be dealing with the radial trajectory it is enough to consider the 
r — t sector of the metric (3.55) to solve (3.8). Choosing the standard (WKB) ansatz for 
$ given by (3.9,3.10) it follows from (3.8,3.55) 



Taking the semiclassical limit (h — > 0), we obtain the first order partial differential 
equation, 



This is nothing but the semi-classical Hamilton- Jacobi equation. We choose the semi- 
classical action for a scalar field moving under the background metric (3.55) in the same 
spirit as usually done in the semi-classical Hamilton- Jacobi theory. Looking at the time 
translational symmetry of the spacetime (3.55) we take the form of the semi-classical 
action as 



where f2 is the conserved quantity corresponding to the time translational Killing vector 
field. It is identified as the effective energy experienced by the particle. Now substituting 
this in (3.57) one can easily find 




(3.56) 




(3.57) 



S (r,t) = nt + S (r) 



(3.58) 




(3.59) 



Using (3.59) in (3.58) we finally find the semi-classical action as 




(3.60) 
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Now within the semi-classical limit we have the solution for the scalar field (3.9), 

= e-^^*) (361) 

expressed in terms of the tortoise coordinate r* = f We shall require this solution 
in our analysis to find the radiation spectrum for black holes. 

3.3.1 Blackbody spectrum for the black hole (event) horizon 

The first step in the analysis is to find a coordinate system which is regular at the event 
horizon. We do not need to know the global behaviour of the spacetime. If we can find a 
coordinate system in which the metric (3.55) is defined both inside and outside the event 
horizon the purpose is solved. In such a coordinate system we can readily connect the 
right and left moving modes defined inside and outside the event horizon 4 . In appendix 
(3. A) a Kruskal-like extension of (3.55) is done by concentrating on the behavior at the 
black hole event horizon only. In appendix (3.B) we show how to identify the left and 
right moving modes inside and outside the event horizon. 

Now we consider a situation where n number of non-interacting virtual pairs are 
created inside the black hole horizon. The left and right moving modes inside the black 
hole horizon, found in (3.61), are then given by (3C.3) and (3C.4) respectively. Here the 
null coordinates are defined in (3A.13) with r* given by (3A.12). Likewise the left and 
right moving modes outside the event horizon are given by (3C.1) and (3C.2) respectively. 
In order to connect the two patches of the coordinate system we first choose the following 
set from the transformations (3A.20) 
m 

tin tobs 7i 

ZK 

r* n = <bs + ^, (3-62) 



so that 



ITX 
K 



Vin = Vobs- (3.63) 



We use the subscript "m" for modes inside the event horizon. Since the observer stays outside the 
event horizon we use the subscript "o6s" for modes outside the event horizon. 
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We shall discuss about the other choice shortly in this section. With the above choice 
the inside and the outside modes are connected by, 

c ^obs 

*£? = (3-64) 

where (3C.1), (3C.2), (3C.3), (3C.4) and (3.63) have been used. 

Any physical state corresponding to n number of virtual pairs inside the black hole 
event horizon, when observed by an observer outside the horizon, is given by, 

l*> = Kn L) ) ® K ( f> =Nj2e-^\niH) ® |nS>, (3.65) 

n n 

where N is a normalisation constant. Here we have used the transformations (3.64). Now 
using the normalization condition (^l^) = 1 and considering n = 0, 1,2... for bosons or 
n = 0,1 for fermions, one obtains 

i 

iV ( boson) = (l-e-^Y (3.66) 

i 

27rfi \ 2 



A^(fermion) = (^1 + e^^J (3.67) 

Therefore the physical states for them, viewed by an external observer, are given by 

l*>( b oson)= (l-e-^)^^k2>®k2> ( 3 - 68 ) 

n 

l*>( f _) = (l + e-^^E^kt^kS)- (3-69) 
The density matrix operator for the bosons can be constructed as 

P(boson) | ^/ (boson) | (boson) 

= ftK j2^ e IO®Kbs)(™obsl® Kbsl (3-70) 
n,m 

Since the left going modes inside the horizon do not reach the outer observer we can take 

the trace over all such ingoing modes. This gives the reduced density operator for the 
right moving modes as 

P(boson) = I 1 ~ e hK )l^ e hK Kbs)Kbsl (3-71) 
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The average number of particles detected at asymptotic infinity, given by the expectation 
value of the number operator n, is now given by 

(n) (boson) = trace(npj£ son) ) 

= J ~ , (3-72) 

e hK. —\ 

which is nothing but the Bose-Einstein distribution of particles corresponding to the 
Hawking temperature 

m Hk hq'(r h ) 

T H = — = (3.73) 

The same methodology, when applied on fermions, gives the Fermi-Dirac distribution 
with the correct Hawking temperature. 

Now it may be worthwhile to mention that one could have chosen the other set of 
transformations in (3A.19) with opposite relative sign between two terms at the right 
hand side, as chosen earlier (3.62), so that, 

iir 

tin tobs ~\~ 7i 

IK 

Z7T 

For this choice also the inside and outside coordinates (3A.11), (3A.17) are connected. 
However this is an unphysical solution. To see this note that, use of (3.74), gives 

$ L = $>l 

in oos 

*Z = ^L- (3-75) 

Therefore the probabilities, that the ingoing (left-moving) modes can go inside the event 
horizon (P ) and the outgoing (right-moving) modes can go outside the event horizon, 
as observed from outside, are given by 

P L = |$ L I 2 = |d> z c I = 1 

I in I I oos I 

P R =m 2 = e^\^ bs \ 2 = e^. (3.76) 

In the classical limit (h — > 0), there is absolutely no chance that any mode can cross the 
event horizon from inside, therefore one must have P R = 0. But we can see from (3.76) 
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that it is diverging and therefore the choice (3.74) is unphysical. It may be worthwhile 
to mention that, interestingly, for the cosmological horizon a choice similar to (3.74) will 
be physical whereas the other choice similar to (3.62) is unphysical. This issue will be 
discussed in the next section. 



3.3.2 Blackbody spectrum for the cosmological horizon 

To find the radiation spectrum for the cosmological horizon we first need to perform 
two tasks. One is the Kruskal-like extension of the space-time (2A.1) just around the 
cosmological horizon which is done in appendix (3.B). The other requirement is to identify 
the left and right moving modes outside and inside the cosmological horizon which is 
discussed in appendix (3.C) 5 . 

We start by choosing the following set of relations from the transformation (3A.19) 
between the time and radial coordinate systems 6 

in 

tout t }y S H~ ~Z 

2k 

T out = r obs ~ 7p- (3.77) 

The left and right moving modes inside the cosmological horizon (outside the event 
horizon) are given by (3C.5) and (3C.6) respectively, whereas, (3C.7) and (3C.8) give left 
and right moving modes outside the cosmological horizon respectively. Using (3.77) the 
modes inside and outside the cosmological horizon can be connected as 

•S3 = »2 

•2 = (3-78) 



5 We use the subscript "o6s" for modes inside the cosmological horizon, such that < r < r c , since 
an observer can stay only in this region. The subscript "out" is used for modes outside the cosmological 
horizon. 

6 One can again choose the opposite relative signs between the quantities at the right hand side of 
(3.77). With this choice the probability for a right-moving mode to cross the cosmological horizon from 
inside is P R = 1. The probability for the left-moving mode to cross the cosmological horizon from the 

T — 27rti 

outside, observed from inside the horizon, is then given by P = e R« . Since, for the cosmological 
horizon, is the BBM energy which is negative [123], P L diverges in the classical limit (h — > 0). 
Therefore (3.77) is the only physical choice for this case. 
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The physical state representing n number of non-interacting pairs, created outside the 
cosmological horizon, when viewed from inside the horizon, is given by 

l*> = 1-2) ® |ng> = N^e^ln^) ® |n£). (3.79) 

n n 

Here the normalization constant N can be found from = 1 and the physical state 

for bosons and fermions, turns out to be, 



i 



l*}(bo S o n) = (l-e^^^lnS^lnSS), (3.80) 

n 

l*>(f_) = (l + e^y h J2^\n£l) ® |n<£> (3.81) 

n 

respectively. The density operator for the bosons is now constructed as 

P(boson) I ^ / (boson) (boson) 

= (i-««)2>^kE>«l«i&<^l«<»4a- P.82) 

n,m 

Since in this case right-moving modes are going outside the cosmological horizon, these 
are completely lost. We take the the trace over all such right-moving modes to find the 
reduced density operator for the left-moving modes, given by 

^L„=(l-e-)E^I»2)(™i2l- (3-83) 

n 

In the case of cosmological horizon the particles are not observed at asymptotic infinity, 
rather in a region in between the event and the cosmological horizon. The average number 
of particles which is detected by an observer in this region is now given by, 

(n) (boson) = trace(npj£ son) ) 

= J • (3-84) 
e *k — 1 

This is again a Bose-Einstein distribution of particles corresponding to the new Hawking 
temperature 

T c = -^ = -^H (3.85) 
2tt Atx 

Note that the temperature has the same value (3.73) as found for the black hole (event) 
horizon but with a sign difference. This temperature together with the BBM energy 
[123] of the dS spacetime make the first law of thermodynamics valid for the cosmological 
horizon. 
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3.4 Derivation of modified blackbody spectrum be- 
yond semi-classical limit 

We now develop a general framework to find the corrections to the semi-classical Hawking 
radiation for a general class of metric (3.55), where the r — t sector of the metric is 
decoupled from the angular parts. In the previous section we generalized the tunneling 
method to find the corrections to the Hawking temperature for the black hole solution 
of Einstein-Maxwell theory (Kerr- Newman) in (3+1) dimensions by using the method 
of complex path. Now we shall use the method, as outlined in the previous section, to 
find the modified radiation spectrum, by going beyond the semi-classical approximation. 
This analysis shows that the higher order terms in the WKB ansatz, when included in 
the theory, do not affect the thermal nature of the spectrum. Grey-body factors do not 
appear in the radiation spectrum, rather the temperature of the radiation undergoes some 
higher order corrections, with a perfect blackbody spectrum. 

In the beginning of section (3.3) we only considered the semi-classical action (So) 
corresponding to the scalar field ansatz ($) (3.9) and found a solution for that in (3.61). 
In order to carryout the density matrix analysis beyond semi-classical limit we need to 
find a general solution for $ considering the higher order terms in h. The mechanism for 
this is already discussed when we find corrected temperature in section (3.2). Following 
the identical steps one can find the expression for S as provided in (3.48). Finally the 
cherished solution for the scalar field in presence of the higher order corrections to the 
semi-classical action, follows from (3.10) and (3.48) and (3.60), 



where r* is the tortoise coordinate. 

The left and right moving modes inside and outside the black hole event horizon, 
following the convention of appendix (3.C), now becomes 

/ oo \ / oo \ 




(3.86) 




( 



A 




A 




i+ 



= e 



i=i 



(3.87) 
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These inside and outside modes, moving in a particular direction (right or left), can also 
be connected by the set of transformations (3A.19) or (3A.20). This yields 



' hn 



I CO \ 

= e V i=i 

in out 

*£? = (3-88) 
where we have substituted 

«' = fl + ^Ti^l K - (3-89) 

This can be considered as the modified surface gravity in presence of higher h order 
corrections to the WKB ansatz. 

The physical state representing n number of virtual pairs inside the horizon, when 
observed from the outside, is now given by 

l*> = ^EK^) ® K ( f> = N 2>-^|nS2> ® |nS>- (3-90) 

n n 

Now from here on, it is trivial to check that the whole methodology developed for the 
semiclassical case can be repeated to find the new radiation spectrum. The only difference 
is the redefinition of the surface gravity (/c) by k'. The final result for the radiation 
spectrum, for bosons, is now given by 

(n) (boson) = • (3.91) 

e h K > - 1 

Now one can see that the spectrum is still given by the blackbody spectrum with the 
new corrected Hawking temperature 



i=l 

-1 



1 + ^7^ 2k, (3.92) 



8=1 
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where Th is the usual semiclassical Hawking temperature, given by (3.73). Note that 
(3.92) gives the corrected Hawking temperature for any general static, chargeless black 
hole solutions with an appropriate choice of metric. 

For the cosmological horizon, in presence of other higher order terms in h in the 
action, the relation between right and left moving modes at two sides are given by 



where k' is defined in (3.89). Subsequently the new radiation spectrum for the bosons 
turns out to be same as (3.72) with k' replacing k. Therefore the modified Hawking 
temperature for the cosmological horizon, given by 



where T c is the semiclassical temperature given by (3.85). 

3.5 Discussions 

Let us now summarize the work presented in this chapter. We adopted the quantum 
tunneling method to study various features of the Hawking effect. Two approaches were 
followed; one that exploit the principle of detailed balance while the other is inspired from 
a density matrix type analysis. In the latter the blackbody spectrum was reproduced. 

We exploited the complex path (Hamilton- Jacobi type) approach to study scalar and 
fermion tunneling. Ingoing and outgoing modes were calculated which essentially gave the 
respective absorption/transmission probabilities. Then, by using the principle of detailed 
balance, the Hawking temperature was identified. Going beyond the semi-classical limit 
we considered higher order terms (in K) in WKB ansatz. It generated some higher order 
corrections to semi-classical temperature with some unknown coefficients. 




(3.93) 




(3.94) 
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By adopting a density matrix approach, we also showed that black holes do emit scalar 
particles and fermions with a perfect blackbody spectrum where temperature given by 
the semi-classical Hawking temperature. This result was derived for both black hole 
(event) horizon and cosmological horizon of arbitrary dimensional static black holes. 
It was also found that in the presence of higher order corrections to the WKB ansatz 
the blackbody nature of the modified radiation spectrum does not change. Greybody 
factors were absent, rather the temperature received some corrections. We calculated 
the corrected Hawking temperature for both the black hole (event) horizon and also for 
the cosmological horizon. The temperature corresponding to the modified spectrum, as 
calculated, reproduced the Hawking temperature at the lowest order. 



Appendix 



3. A Kruskal-like extension for the black hole (event) 
horizon 

To perform a Kruskal-like extension of a general chargeless, static metric (2A.1), we first 
define the tortoise coordinate as 



It is known that the spacetime structure of the extended regions are extremely sensitive 
to the different choices for g(r). In order to study the behaviors of the outgoing and 
ingoing modes with respect to the black hole event horizon (r^) we actually need to see 
only the behavior of the spacetime in a very narrow region just inside and outside of r^. 
Therefore, for our purpose, we first take the near horizon limit of the metric coefficient, 



In the following we shall consider two different cases for inside and outside (where an 
observer is present) the event horizon to show that the same spacetime metric is valid in 
both the regions. 

Case I: When r = r Q b s > rh (Outside the event horizon): At a distance (p) just 
outside the horizon, r = r h + p, such that \p\ « r h , one has dr = dp and 




(3A.1) 



g (r) = (r - r h )g\r h ) + 




g"{r h ) + 0(r - r h ) 3 



(3A.2) 



g(r) = pg'{r h ) + H -g"{r h ) + 0(p 3 ) 



(3A.3) 



57 



3. A. Kruskal-like extension for the black hole (event) horizon 



58 



Therefore (3A.1) can be integrated over this narrow region to yield 

r °"* = WZ) H g'(r h ) + P pg"(r b )/2 ] 

1 H „.,. { r r :L,_„J (3A.4) 



g'(r h ) g'(r h ) + (r - r h )g"(r h )/2 
The advanced and retarded time coordinates, in this region, are usually defined by 

Vobs tobs T obs 

Uobs = tobs ~ r* obs (3A.5) 
respectively. With these definitions (2A.1) becomes 

ds 2 = -g{r)du obs dv obs + r 2 dQ 2 D _ 2 (3A.6) 
Now we make the following two successive coordinate transformations 

V obs = e KV ° b ° 

U obs = -e- KU ° b °. (3A.7) 



Also, 



T. 



obs 



(Vobs + U obs ) 

2 



X obs = {Vobs 2 Uobs) , (3A.8) 

where k is a constant that will be identified later with the surface gravity. With these 
transformations we find the desired form of the r — t sector of the metric (2A.1) in Kruskal 
coordinates, 

ds 2 = - 9 -^e- 2 -HdT 2 obs - dX 2 obs ). (3A.9) 

Putting the values of g(r) from (3A.2) and r* from (3A.4) into the spacetime inter- 
val (3A.9) and simplifying the pre-factor by choosing k to be the surface gravity (k = 
g'(r h )/2), we find 

4 (g'(r h ) 2 + 3g,(rfe y ,(rfe) (r - r h ) + 9 -^(r - r h ) 2 

ds 2 = -± — - 2 L {-dT 2 obs + dX 2 obs ). (3A.10) 

9 \r h y 
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Now using (3 A. 7) and (3 A. 8) we find the Kruskal-like coordinates which are valid outside 
the event horizon where the observer is present, are given by 

T obs = exp Kr °bs s inh nt obs 

X b s = exp Kr ° bs coshntobg. (3A.11) 

This clearly shows, irrespective of choosing any particular g(r), at the event horizon 
{t — r h or p = 0) one does not have any spacetime singularity in this Kruskal-like 
extension (3A.10). The same is true if one considers higher order terms in the expansion 
(3A.2). The only finite contribution to the interval (3 A. 10) comes from the linear term 
in the expansion (3 A. 2) while others vanish at r = r^. This consistency is essential for 
the calculation of the blackbody spectrum. 

Case II: When r = r- m < (Inside the event horizon): Let us now consider a 
situation at a distance p inside the event horizon. Here r = r in = — p and dr = —dp. 
Using the same expansion (3A.3) and integrating (3A.1), we get the required expression 
for the tortoise coordinate inside the event horizon, 

1 ln[ P 



g'(r h ) g'{r h ) - pg"(r h )/2 

' M ,/ x fe~lL,.wJ - (3A-12) 



g'(r h ) g'(r h ) - (r h - r)g"(r h )/2 
Consider the following coordinate transformations, 

^in tin 1 'in 

Uin — tin ~ r i n , (3A.13) 



and 



V m = e KV - 

U in = e~ KU ™. (3A.14) 



Also 

T 



/// 



(Vin + Un 

2 



X in = Um \ (3A.15) 
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With these coordinate transformations in (2A.1) we are finally left with a metric whose 
r — t sector is given by 

4 (g>(r h y + 3 9 '(r h ) g »(r h ) (7 , _ + 3^£ (r _ ^yA 

ds 2 = -± —- 2 H-dTl + dXl). (3A.16) 

9 \ r h) 

The new Kruskal coordinates which are valid inside the event horizon are now found from 
(3A.13), (3A.14) and (3A.15), 

= e KT * in cosh Kt in 

X in = e Kr ^smhnt in . (3A.17) 

One can now realize that all the coordinate transformations used here are identical to 
the previous case for r > except for the definition of Z7» n . There is a relative sign 
difference between the functional choice of U{ n and U f, s . This new definition ensures that 
the inner portion of the extended spacetime metric remains timelike. If one follows the 
earlier definition he/she will end up with a spacelike metric interval which we want to 
avoid because there is no coordinate singularity at the event horizon. Therefore one can 
conclude that 



4 (g'(r h ) 2 + ^P(r - r h ) + 9 -^(r - r h )< 

g'(r h y 



ds 2 = — ^ -j— '-(-dT 2 + dX 2 ) (3A.18) 



is the only metric which is valid in a narrow region on both sides of the event horizon 
and the Kruskal coordinates outside (where the observer is present) and inside the event 
horizon are defined by (3A.11) and (3A.17) respectively. 

It can be noted that the set of coordinate transformations, given in (3A.11) and 
(3A.17) are connected by the following transformations in (t,r*) coordinate 

m 

tin t bs ~F 7» 

IK 

r* n = r* obs ±— (3A.19) 

In the null coordinates (u,v) (3A.5,3A.13)these two relations are recast as 
in 

K 

v in = v obs . (3A.20) 
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These relationships are required for connecting various modes defined inside and outside 
the event horizon. This analysis is performed in subsection 3.3.1 for the derivation of 
blackbody radiation spectrum for black hole event horizon. 



3.B Kruskal-like extension for the cosmological hori- 
zon 

To see the behaviour of the spacetime (2A.1) at the cosmological horizon it is required 
to expand g(r) near the cosmological horizon (77J, given by 

g (r) = {r- r c )g'{r c ) + ^^g"(r c ) + 0((r - r c ) 3 ). (3B.1) 

The tortoise coordinates inside (where the observer is present; r = r b s < r c ) and outside 
( r — r out > r c) the cosmological horizon are defined by 

° bs 9'(r c ) [ g'(r c ) - (r c - r)g"(r c )/2 l 1 ' ) 

and 

° ut 9'(r c ) [ g'(r c ) + (r-r c )g"(r c )/2 l 1 ] 

respectively. The sets of null coordinates inside and outside the cosmological horizon are 
defined as 

v obs = tobs + r bs 

Uobs = t obs ~ r* obs (3B.4) 

and 

Vout tout ~\~ 1 out 

Uout = tout - r* out (3B.5) 

respectively. Now by exactly mimicking the methodology developed for the case of black 
hole horizon it can be shown that the metric 

4 ( g'(r c ) 2 + 3g,(rc y /(re) (r - r c ) + 9 -^(r - r c ) 2 ) 
ds 2 = -± — — - ? J -{-dT 2 + dX 2 ) (3B.6) 



g'(r 



2 
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is defined both inside and outside the horizon. This is the analogue of (3A.18). This time 
the Kruskal-like coordinates in the region inside and outside the cosmological horizon are, 
respectively, given by 

T obs = e Kr ° b ° cosh nt obs 

X obs = e Kr ° b ° sinh nt obs 

and 

T ou t = z Kr ° ut sinh nt out 

X out = e Kr ^smhKt out , (3B.8) 

where «= ^ is the surface gravity at the cosmological horizon. 

From the Kruskal-like extension it is found that the inside (T obs , X obs ) and outside 
(T out ,X out ) coordinates, defined in (3B.7) and (3B.8) respectively, can be connected with 
each other by the same set of relations defined in (3A.19) and (3A.20). 



(3B.7) 



3.C Identification of "in" and "out" modes 

To identify different modes in different regions we use the following convention. If the 
eigenvalue of the radial momentum operator p(r) , while acting on a specific solution of the 
semiclassical (WKB) mode (3.61), is positive, then the mode is right-moving (outgoing). 
Similarly a left-moving (incoming) mode corresponds to a negative eigenvalue. In this 
convention the spacelike nature of p(r) must be kept unchanged in any region (i.e. inside 
or outside the horizon) of the spacetime. 

Black hole horizon: For all Lovelock black holes, considered in this paper, Q (which 
is the conserved quantity to the timelike Killing vector) is nothing but the mass (M) of 
the black hole. In a region outside the event horizon (position of the observer) (r > r^), 
p(r) = —ih-j^ and the left (L) or right (R) moving modes are found as 

§ L obs = e -f^o bs ( 3C1 ) 
$f 6s = e -s nMobs . (3C.2) 
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To keep the spacelike nature of the momentum operator inside the black hole event 

' dr ' 



horizon, one must use the definition p(r) = ih-i-. Using this one can identify 



$f n = e -s^" (3C.3) 

as the left and right moving modes respectively. 

Cosmological horizon: For the Gauss-Bonnet dS black hole we have an extra cos- 
mological horizon. Here Q or equivalently the gravitational mass is given by the BBM 
mass [123] which is negative. In a region inside the cosmological horizon where the ob- 

moving modes as 



server is present (r^ < r < r c ), p{r) = —ih-i-, and one can identify the left and right 



<$> L obs = e -s^ 3 (3C.5) 
$« s = e -i^o b s_ ( 3C6 ) 

Similarly outside the cosmological horizon (r > r c ), one has p(r) = ih-^, therefore one 
finds 

$1 = e-i 1 *-*, (3C.8) 



as the left and right moving modes respectively. 



Chapter 4 

Exact differentials and black hole 
entropy 



We continue our analysis of quantum tunneling by applying its results to study various as- 
pects of black hole thermodynamics. Within classical GTR black holes are pure absorbers 
and have absolute zero temperature. This property goes against the intuitive idea that 
black holes have entropy. In early seventies Bekenstein first argued in favour of black hole 
entropy based on information theory as well as simple aspects of thermodynamics [l]-[3]. 
He claimed that entropy of the universe cannot be decreased due to the capture of any 
object by black holes. For making the total entropy of the universe at least unchanged, 
a black hole should gain the same amount of entropy which is lost from the rest of the 
universe. Bekenstein then gave some heuristic arguments to show that black hole entropy 
must be proportional to its horizon area. He also fixed the proportionality constant as 
^p. The idea of Bekenstien was given a solid mathematical ground when Hawking in- 
corporated quantum fields moving in a background of classical gravity and showed that 
black holes do emit particles having a black body spectrum with physical temperature 
where k is the surface gravity of a black hole [5]- [7]. Knowing this expression of black 
hole temperature ("Hawking temperature") one can make an analogy with the 'first law 
of black hole mechanics' and the 'first law of thermodynamics' to identify entropy as 
S = ^ (in c = G = = 1 unit), where A is the horizon area of the black hole. Thus 
it was proven that Bekenstein's constant of proportionality was incorrect and the new 
proportionality constant is |. The work of Bekenstein and Hawking thereby leads to the 
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semi-classical result for black hole entropy encapsuled by the Bekenstein-Hawking area 
law, given by S B n = ^. 

In this chapter we strengthen these ideas and follow a pure thermodynamical method 
to calculate black hole entropy without using any analogy with the 'first law of black hole 
mechanics'. It is shown that if one considers black holes as pure thermal objects there is 
no need to use such an analogy as mentioned in the preceding paragraph for computing 
black hole entropy. The state function nature of entropy plays a key role in its evaluation 
for black holes. Furthermore the same property also leads to the higher order corrections 
to the semi-classical Bekenstein-Hawking area law when one considers corrections to the 
Hawking temperature beyond semi-classical limit as calculated in Chapter-3. 

This chapter is organised as follows. In section-4.1 we derive the first law of black hole 
thermodynamics without using its analogy with the first law of black hole mechanics. The 
state function property of entropy is then used in section-4.2 to calculate semi-classical 
black hole entropy considering most general black hole spacetime. A similar approach is 
used in section-4.3 to compute black hole entropy beyond the semi-classical limit. The 
leading (logarithmic) and higher (inverse horizon area) terms are generated as higher 
order corrections to the Bekenstein-Hawking area law. These ideas for the example of 
BTZ black hole in (2+1) dimensional gravity is worked out in section-4.4 where we find 
identical functional form in various results. In section-4.5 the leading correction to the 
semi-classical temperature and entropy for (3+1) dimensional black holes is explicitly 
calculated. Finally section-4.6 includes summary and discussions. 



4.1 Derivation of the first law of black hole thermo- 
dynamics 

Long time back (1973) within the realm of classical general relativity Bardeen, Carter and 
Hawking gave the "first law of black hole mechanics" which states that for two nearby 
black hole solutions the difference in mass (M), area (A) and angular momentum (J) 
must be related by [4] 

6M = —K5A + n n 5J. (4.1) 
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In addition some more terms can appear on the right hand side due to the presence of 
other matter fields. They found this analogous to the "first law of thermodynamics", 
which states, the difference in energy (E), entropy (S) and other state parameters of two 
nearby thermal equilibrium states of a system is given by 

dE = TdS + "work terms" . (4.2) 

Therefore even in classical general relativity the result (4.1) is appealing due to the fact 
that both E and M represent the same physical quantity, namely total energy of the 
system. Although at that time this result was quite surprising as classically, temperature 
of black holes was absolute zero. So the identification of temperature with surface gravity, 
as shown by (4.1) and (4.2), was meaningless. Consequently, identification of entropy with 
horizon area was inconsistent. 

However the picture was changed dramatically when Hawking (1975), incorporating 
quantum effects, discovered [5]- [7] that black holes do radiate all kinds of particles with 
a perfect black body spectrum with temperature Tjj = From this mathematical 
identification of the Hawking temperature (Tfi) with the surface gravity («) in (4.1), one 
is left with some analogy between entropy (S) and the area of the event horizon(A), 
suggested by (4.1) and (4.2). The result S = follows from this analogy. 

For such an identification, the horizon area of a black hole is playing the "mathe- 
matical role" of entropy and does not have a solid physical ground. Also, this naive 
identification remains completely silent about the role of "work terms" . But if one does 
not use this mathematical analogy, rather tries to calculate entropy, it may appear that 
these work terms might have some role to play. Therefore the role of these work terms 
is not transparent in the process of identifying entropy. Moreover, in this analysis one 
can obtain the "first law of black hole thermodynamics" only by deriving the "first law 
of black hole mechanics" and then identifying this with the ordinary "first law of ther- 
modynamics" . 

Now we want to obtain the "first law of black hole thermodynamics" by directly 
starting from the thermodynamical viewpoint where one does not require the "first law of 
black hole mechanics" . From such a law the entropy will be explicitly calculated and not 
identified, as usually done, by an analogy between (4.1) and (4.2). For this derivation we 
interpret Hawking's result of black hole radiation as 
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• black holes are thermodynamical objects having mass (M ) as total energy (E) and 
they are immersed in a thermal bath in equilibrium with physical temperature (Th). 

Therefore following the ordinary "first law of thermodynamics" we are allowed to write 
the "first law of black hole thermodynamics" as 

dM = T H dS + "work terms on black hole", (4.3) 

where M is the mass of the black hole and Th is the Hawking temperature. Usually, 
without deriving the "first law of black hole mechanics" one is not able to find "work 
terms on black hole" exactly. But we can always make a dimensional analysis to construct 
these two terms as proportional to VL-^dJ and &udQ where J and Q are the angular 
momentum and charge of the black hole. This is possible since the form of "angular 
velocity (£)h)" and "potential ($h)" at the event horizon are known individually from 
classical gravity. These terms can be brought on the right hand side of (4.3) with some 
prefactors given by dimensionless constants 'a' and '6', such that (4.3) becomes 

dM = T H dS + aVt n dJ + b$ u dQ. (4.4) 

To fix the arbitrary constants 'a' and let us first rewrite (4.4) in the form 

dS= dM +( _ap )dJ+{ _m 1)dQ (45) 

H -*■ H -*- H 

From the principle of ordinary first law of thermodynamics one must interpret entropy as 
a state function. For the evolution of a system from one equilibrium state to another equi- 
librium state, entropy does not depend on the details of the evolution process, but only 
on the two extreme points representing the equilibrium states. This universal property 
of entropy must be satisfied for black holes as well. In fact the entropy of any station- 
ary black hole should not depend on the precise knowledge of its collapse geometry but 
only on the final equilibrium state. Hence we can conclude that entropy for a stationary 
black hole is a state function and consequently dS has to be an exact differential. As a 
result the coefficients of the right hand side of (4.5) must satisfy the three integrability 
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conditions 



dJ T"h M 'Q 




d ( a^H ^i 



d . 6$hm 



<9M V T H J]J ® 




dQ K T B Jlj > M ' 



M,Q 



(4.6) 



As one can see, these relations are playing a role similar to Maxwell's relations of ordi- 
nary thermodynamics. Like Maxwell's relations these three equations do not refer to a 
process but provide relationships between certain physical quantities that must hold at 
equilibrium. 

The only known stationary solution of Einstein-Maxwell equation with all three pa- 
rameters, namely Mass (M), Charge (Q) and Angular momentum (J) is given by the 
Kerr-Newman spacetime. All the necessary information for that metric is provided in 
Appendix-2.B and one can readily check that the first, second and third conditions are 
satisfied only for a = 1, a = b and 6=1 respectively, leading to the unique solution 
a = b = 1. As a result, (4.4) immediately reduces to the standard form 



This completes the obtention of the "first law of black hole thermodynamics", for a 
rotating and charged black hole, without using the "first law of black hole mechanics". 

One can make an analogy of (4.7) with the standard first law of thermodynamics 
given by 



Knowing E = M (since both represent the same quantity which is the energy of the 
system) one can infer the correspondence — flu — >■ P, J — >■ V, $h — Ai, Q N between 
the above two cases. Indeed find J is the work done on the black hole due to rotation and 
is the exact analogue of the — pdV term. Likewise the electrostatic potential $h plays 
the role of the chemical potential /i. 



dM = T u dS + n u dJ + ^ndQ, 



(4.7) 



dE = TdS - PdV + ndN 



(4.8) 



4.2. Black hole entropy ELS £b state function 



69 



4.2 Black hole entropy as a state function 

In this section we calculate entropy of the Kerr-Newman black hole from the first law 
given in (4.7). We solve this first order partial differential equation where state function 
property of entropy plays a crucial role. 

The first step is to rewrite (4.7) as 

dS^ + AdJ+AdQ, (4.9) 

where dS is now an exact differential. 

Note that any first order partial differential equation 

df (x, y,z) = U (x, y, z)dx + V(x, y, z)dy + W(x, y, z)dz (4-10) 



is exact if it fulfills these integrability conditions 

dU t dV t dV t dW , dW t dU , 



dy ' x ' z dx ly > z dz ' x ' y dy ' x > z dx ly ' z dz lx > y 
If these three conditions hold then the solution of (4.10) is given by 



(4.11) 



f(x,y,z) = j Udx + j Xdy + j Ydz, (4.12) 

where 

X = V - ^- I Udx (4.13) 
dyj 

and 

Y = W - ^-[J Udx + J Xdy}. (4.14) 

Now comparing (4.9) and (4.10) we find the following dictionary 

(/ ->• 3, x ->• M, y^rJ, z^Q) 

(U^± W^^). (4.15) 

J-n j-k j h 
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Using this dictionary and (4.12), (4.13) and (4.14) one finds, 

S= f f XdJ+ [ YdQ } (4.16) 



where 



and 



Ta' dQ l J T H 

In order to calculate the semiclassical entropy we need to solve (4.16), (4.17) and (4.18). 
Note that all the "work terms" are appearing in the general expression of the semiclassical 
entropy of a black hole (4.16). Let us first perform the mass integral to get 

f dM n ( „, ril , J 2 

jTk = n ( 2M[M + {M ~ M> 

where the expression (2B.9) has been substituted for T# . With this result one can check 
the following equality 

d fdM 0„ 



2M[M + (M 2 -^— - Q 2 ) 1/2 } - Q' 2 ) , (4.19) 



OJJ T H T h 

holds, where is defined in (2B.4). Putting this in (4.17) it follows that X = 0. Using 
(4.19) one can next calculate, 

With this equality and the fact that X = 0, we find, using (4.18), Y = 0. Exploiting all 
of the above results, the semiclassical entropy for Kerr-Newman black hole is found to 
be, 

S = j d ^ = l ( 2M t M + ( M2 - W - ^ 2 ) 1/2 ] - ^) = rh = ^H, (4.22) 

which is the standard semi-classical Bekenstein-Hawking area law for Kerr-Newman black 
hole. The expression for the area (A) of the event horizon follows from (2B.6). Now it 
is trivial, as one can check, that all other stationary spacetime solutions, for example 
Kerr or Reissner-Nordstrom, also fit into the general framework to give the semi-classical 
Bekenstein-Hawking area law. Thus the universality of the approach is justified. 
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4.3 Exact differentials and corrections to the semi- 
classical black hole entropy 

We have found that in the semi-classical limit when temperature of a black hole is given 
by standard Hawking temperature the solution for entropy as followed from the first law 
matches with the Bekenstein-Hawking value. It has also been discussed in Chapter-3 
that if one consider higher order terms (in K) in the WKB ansatz for tunneling particle 
the resulting temperature includes the Hawking temperature only at the lowest order, 
in addition, some higher order corrections in h~ appear (3.51). The motivation of this 
section is to consider this corrected temperature in the first law and solve this to find 
corresponding correctional terms in entropy. 

The modified form of first law of thermodynamics for Kerr-Newman black hole in the 
presence of corrections to Hawking temperature is 

dS hh + (-^W+(-p^)dQ. (4.23) 

In this context we further assume that, 

• Entropy must be a state function for all stationary spacetimes even in the presence 
of the quantum corrections to the semi- classical value. 

This implies that dS^ has to be an exact differential. In the expression for in (3.51) 
there are six undetermined coefficients (ai to a^) present in i^KN (3.49). The first step in 
the analysis is to fix these coefficients in such a way that dS^h in (4.23) remains an exact 
deferential. By this restriction we make the corrected black hole entropy independent of 
any collapse process. For (4.23) to be an exact differential the following relations must 
hold: 

9-1., d fin I 



dQ y T hh Jl ^ dJ K T hh JlM 'Q 



(4.25) 
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dM y T hh Jlj 'Q dQ y T hh Jlj ' M ' 



(4.26) 



Using the expression of from (3.51) and the semiclassical result from (4.6), the first 
condition (4.24) reduces to 

IVMI = _o_?_vM| U27) 

Expanding this equation in powers of h, one has the following equality 

-^rkg-"^-^-!,^ (4-28) 

Similarly the other two integrability conditions (4.25) and (4.26) lead to other conditions 
on Hkn, 



dHxN I 1 dH KN I 

respectively. The number of unknown coefficients present in Hkn is six and we have only 
three equations involving them, so the problem is under determined. 

As a remedy to this problem let us first carry out the dimensional analysis for Kerr 
spacetime and then use the result to reduce the arbitrariness in H KN . For Q = the 
Kerr-Newman metric reduces to the rotating Kerr spacetime and one can carry the same 
analysis to find the corrections to Hawking temperature for both scalar particle and 
fermion tunneling from Kerr spacetime. An identical calculation will be repeated with 
Q = 0. The only difference will appear in the dimensional analysis (3.49). Since Kerr 
metric is chargeless the most general expression for corrected Hawking temperature will 
come out as 

T bh = T(l + ^A^) _1 , (4.31) 



(4.30) 
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where ifx is now given by 

H K = H KN (Q = 0) = a ir 2 + + a 2 Mr + + a 3 M 2 . (4.32) 
The first law of thermodynamics for Kerr black hole is 

dS + AdJ, (4.33) 

where Th and f2n for Kerr black hole are obtained from their corresponding expressions 
for the Kerr-Newman case, for Q = 0, as given in Appendix 2.B. With these expressions 
one can easily check that dS is an exact differential for Kerr black hole as well since the 
only integrability condition 

8,1, 8 , 



is satisfied. As stated earlier the idea behind introducing the Kerr spacetime is to carry 
out the dimensional analysis for Kerr spacetime first, then demanding that for Q = the 
dimensional parameter Hkn will be same as H^. The form of first law for Kerr black 
hole in presence of corrections to the Hawking temperature, is given by 

dS hh + (~^)dJ, (4.35) 

1 bh 1 bh 

where the general form of is given in (4.31). Now demanding that the corrected 
entropy of Kerr black hole must be a state function, the following integrability condition 

9 ( 1 \\ 9 ( (A w\ 

M^ M= dM { -T^)\ J (436) 

must hold. Using the semi-classical result from (4.34) and considering corrections to all 
orders in h to the Hawking temperature in (4.31) it follows that the above integrability 
condition is satisfied if the following relation holds 

^7-L/-- fi H W | J . (4.37) 
From (4.32) it follows that this equality holds only for 



ai = = a 3 



(4.38) 
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and the form of is given by 

H K = a 2 Mr + . (4.39) 

Therefore, the corrected form for the Hawking temperature obeying the integrability 
condition (4.36) for the Kerr black hole is given by 

=Th ( 1+ E (J^) " = ^ (l + E ^) " . (4.40) 

The natural expectation from the dimensional term (-£Tkn) in (3.49) is that for Q = 
it gives the correct dimensional term (Hk) in (4.39). To fulfil this criterion we must have 
ai = = 0,3 in (3.49) and this leads to 

Hkn = a 2 Mr + + a A r + Q + a 5 MQ + a 6 Q 2 

= a 2 (Mr + + a4r + Q + a 5 MQ + a 6 Q 2 ), (4.41) 

where dj = Now we are in a position to find the precise form of the dimensional 
term (-£/rn) satisfying the integrability conditions given in (4.28), (4.29) and (4.30). 
Note that with the modified expression (4.41) the problem of under determination of six 
coefficients by only three integrability conditions for Kerr-Newman spacetime has been 
removed. With this expression of Hkn one has effectively three undetermined coefficients 
with three equations and it is straightforward to calculate those coefficients. Putting the 
new expression of Hkn in (4.28), (4.29) and (4.30) one obtains, 

a 5 - = (4.42) 
2o 6 Q 4- «4 I ±jj^- ) + o 5 M = -Q (4.43) 



2i « Q + ^ ( r+ + ww&m ) + ~ a " ( M + d Tjvap ) = (4 - 44) 

The simultaneous solution of these three equations yields, 

0,4 = = d 5 

d 6 = -l. (4.45) 
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As a result the final form of Hkn derived by the requirements: 

(i) Hkn must satisfy the integrability conditions (4.28, 4.29, 4.30), 

(ii) Hkn = H K for Q = 0, 
is given by 

#kn = a 2 (Mr + - l -Q 2 ). (4.46) 
Hence the corrected Hawking temperature for Kerr-Newman black hole is found to be 

T bh = rfl + V . gff Q2 ) =t(i + Y j , (4.47) 



where 

We are now in a position to compute the corrected entropy and find the deviations 
from the semi-classical area law. Comparing (4.10) and (4.23) with Tbh given above 
we find a similar dictionary as (4.15) by modifying semi-classical terms with corrected 
versions, where necessary, as 

(/ -> S hh , x M, J, z ->• Q) 

(U^^, V^^, W^^). (4.48) 

1 bh J bh J bh 

Following this dictionary and (4.12), (4.13) and (4.14) the corrected entropy for Kerr- 
Newman black hole has the form 

S hh = ! d ^-+ fxdJ+ [ YdQ, (4.49) 



T] 



bh 



where 



and 



(4.51) 
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It is possible to calculate analytically up to all orders of H. However we shall restrict 
ourselves up to second order correction to the Hawking temperature. Integration over M 
yields, 

d ~f = %(2Mr + - Q 2 ) + 27 rMlog(2Mr + - Q 2 ) - {2 ^^f Q2)2 + const. 

+higher order terms. (4-52) 

With this result of integration one can check the following relation, 

1 " (4.53) 



dJ J T bh T bh 
Therefore X = 0. Furthermore we get 

and using this equality together with X = we find Y — 0. The fact that both X and 
Y pick the most trivial solution as zero in the black hole context, both with or without 
quantum corrections, is quite unique. The final result for the entropy of the Kerr-Newman 
black hole in presence of quantum corrections is now given by 

S hh = |(2Mr + - Q 2 ) + 27T& log(2Mr + - Q 2 ) - — + const. 

+higher order terms. (4.55) 

In terms of the semi-classical black hole entropy and horizon area this can be expressed, 
respectively, as 

4vr 2 /3 2 

Shh = Sbh + 27r/3i log Sbr 5 h const. + higher order terms. (4.56) 

and 

Shh — -r + 27r/3i logA + const. + higher order terms. (4-57) 

The first term in the expression (4.56) is the usual semi-classical Bekenstein-Hawking 
entropy and the other terms are due to higher order corrections. The logarithmic and 
inverse area terms have appeared as the leading and non leading corrections to the en- 
tropy and area law. It is to be noted that although this derivation is performed for the 
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Kerr-Newman black hole the functional form for corrected entropy is also valid for the 
less general black hole spacetimes, i.e. Kerr, Reissner-Nordstrom and Schwarzschild ex- 
amples. However in each case one has different values of horizon area (A) and arbitrary 
coefficients (3i and /?2- In the next chapter we shall demonstrate the computation for the 
coefficient of the leading (logarithmic) correction (fli) separately for all cases. 



4.4 Corrected entropy of (2+1) dimensional BTZ black 
hole 

So far our studies on black hole thermodynamics are contained within (3+1) dimensions. 
However the approach discussed above is also applicable for black holes in other dimen- 
sions (both higher and lower). In the present section we are addressing a particular case 
of (2+1) dimensions for which black hole solutions were found by Banados, Teitelboim 
and Zanelli (BTZ) [124]. 

The metric for the (2+1) dimensional BTZ black hole with negative cosmological 
constant A = — 4 and in the unit of 8G3 = 1, where G3 is the three dimensional Newton's 
constant, is given by [124], 

ds 2 = -N 2 dt 2 + N~ 2 dr 2 + r 2 (A^t + d<j)) 2 , (4.58) 

with the lapse function 

iV 2 (r) = -M+^ + ^, (4.59) 

and 



N*(r) = ~ (4.60) 



Here M and J are respectively the mass and angular momentum of the BTZ black hole. 
Outer (event) and inner horizons are obtained by setting g rr = N 2 = 0. This yields, 

1/2 



V2 1 V 1 



r±= -4 \M± \/M 2 -^ I . (4.61) 
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Therefore the horizon radius is a function of both M and J. The area of the event (outer) 
horizon is given by, 

A = 2nr + . (4.62) 
The angular velocity at the event horizon is given by 

Q -- 



9<f>t _ 

2ri' 



7 (4.63) 

r=r + Z'f+ 

There exist some important works based on Cardy formula [21] and statistical method 
[125] which show that under certain circumstances the semi-classical entropy of BTZ 
black hole undergoes some higher order corrections. In fact both these studies reported 
the leading order correction to be logarithmic. Our aim here is to use the ideas of 
tunneling mechanism and exact differentials and look for any higher order corrections to 
BTZ black hole entropy. These ideas have already been worked out for (3+1) dimensional 
black holes. A detailed description of the same for BTZ black hole would be a repeating 
task. We thus prefer only to outline major steps that leads to some important results. 

To compute the semi-classical Hawking temperature let us first isolate the r — t sector 
of the metric (4.58) by making the following coordinate transformation near the event 
horizon, 

d x = d(p- Vtdt (4.64) 

i.e, 

X = - ttt. (4.65) 

In the near horizon approximation, using the transformation (4.65) the metric(4.58) can 
be written in the desired form, 

ds 2 = -N 2 dt 2 + N~ 2 dr 2 + r 2 + d X 2 , (4.66) 



where the r — t sector is isolated from the angular part (dx 2 )- 
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Now considering the radial trajectory, i.e., the r — t sector of the metric (4.66), the 
expression of semi-classical Hawking temperature follows from the analysis presented in 
Chapter-3 (section-3.1), in the following form, 



(4.67) 



Considering the metric (4.66), the Hawking temperature for the BTZ black hole is found 

to be, 

H ( f dv \ ^ H ( f v 2 dv \ ^ 

Th = — I Im / — — = - l 2 Im / — ^— ^ . (4.68) 

4 V JcN 2 (r)J 4\ J c (r 2 -r 2 + )(r 2 -r 2 _)J v ; 

The integration is to be performed remembering that the particle tunnels from just 
behind the event horizon to the outer region. So the integrand has a simple pole at 
r = r + . Choosing the contour as a half loop going around this pole from left to right and 
integrating, we obtain the desired result for the semi-classical Hawking temperature, 

r„=AC^Y (4.69) 



2nP V r + 

Similarly it is trivial to carry out the steps outlined in Chapter-3 (for beyond semi- 
classical case) to find the corrected temperature of BTZ black hole, given by, 

T bh = T H (l + ^/3^) _1 , (4.70) 

i ^ 

where Th is given by (4.69) and also we have made a dimensional analysis by introducing 
the horizon radius in higher order terms. This choice is obvious for BTZ black hole since 
in (2 + 1) dimensions in the units 8G3 = 1 and c = = 1 the Planck constant (h) is of 
the order of Planck length (lp) and independent of Planck mass (mp). 

With the well known expression of the semi-classical Hawking temperature (4.69) we 
now proceed with the calculation of the semi-classical Bekenstein-Hawking entropy. The 
corrections to these semi-classical results will be considered later. Consider the first law 
of thermodynamics for a chargeless rotating black hole (also follows from (4.7) for Q = 0), 

dM = T n dS + ndJ, (4.71) 
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which can be written in the form 

dS(M,J) = d ^-^dJ. (4.72) 

Inverting the Hawking temperature found from (4.69) and (4.61) of the BTZ black hole, 
we obtain, 



-(M, J) = V , 7 — • (4.73) 



The angular velocity (4.63) simplifies to, 

Q = -^\ r=r+ = (4.74) 



Using (4.73) and (4.74) yields, 

|(M, J) = ^ . (4.75, 

lhlM+y/M*-%\ y M 2 — ^ 

Note that (iS" in (4.72) is an exact differential since it satisfies the relation, 

d { 1\ d f-n\ 

' (4.76) 



dJ \T R J dM \T R 

as may be checked on exploiting the equations (4.73), (4.75). Now, in order to calculate 
the entropy (5"), (4.72) has to be solved. Here it is easy to follow the method used for 
the Kerr-Newman case in section-4.2. In fact the present case is much simpler version of 
(4.9). Looking into the solution (4.16) of (4.9), it is now trivial to write down the solution 
of (4.72) for the semi-classical result of entropy for the spinning BTZ black hole, as 

s= Sk dM+ lt dJ -ll-ASk dM ) dJ - (477) 

The solution of the integral over dM gives 



r„ rfM = 4 ^ (M + V M2 -p> -^f- < 478 > 
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Having this result, it can be easily checked that the following relation also holds, 
d ( f dM\ -Q 



dJ W T H J T H 



(4.79) 



Substituting the above relation in (4.77) and using (4.78), immediately leads to the 
entropy of the spinning BTZ black hole, 

S-J^M-^. (4,0, 

If we write this in terms of horizon area (4.62) by reinstating the unit 8G3 = 1 , we get 

s -ik =SBK ' (481) 

which is the well known semi-classical Bekenstein-Hawking area law. 

Now it is also possible to calculate higher order corrections to (4.81) in the following 
manner. First consider the expression of modified Hawking temperature (Tbh) and plug 
it into the first law, so that, 

dS hh = ^ - ^dJ. (4.82) 

1 bh 1 bh 

Here also, one can check, dS^ is a perfect differential since the following relationship, 

holds. This can be proved order by order by expanding the summation and substituting 
r+, ^ and p from (4.61), (4.73) and (4.75) respectively. 

Following the analysis of section-4.3 the expression of corrected entropy for BTZ black 
hole is given by, 

W H/^( 1 + f)^ + / E ^( 1 + f).- 



§j[ffj:(^f)^)^ (4.84) 
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which is the modified version of (4.77). It is possible to solve (4.84) analytically for all 
orders . Let us now restrict upto second order corrections. In that case we expand the 
summation over the integrands in (4.84) upto the second order, which yields, 

S bh (M, J) = f i (l + f + ^ + £>(*»)) d M + I =P (l + f + ?g + 0m ) d J- 



d ( r i / /? 2 n , /? 2 /i : 



2 



... .1 + — + ^ + 0{h 4 ) dM dJ. (4.85) 
Solving the integral over dM in (4.85) by using the value of r + from (4.61) yields, 
j^r (1 + 77 + 7? + ^)) <*M = log(M+y^~?; 



4\/27r / S 2 ft //V ,.. 



— + (4.86) 

Using this result one can establish the following relationship between the integrands of 
the second and third integral of (4.85), 



dJ J T u V r + r + J T u V r + r + 



Substituting this in (4.85) and using (4.86) we find the entropy of the BTZ black hole 
including higher order corrections, 



4tc1 J 2 , J 2 

Shh = —(M + \l M 2 - -y/* + 27T& log(M +^M 2 --)- 



+ 0(H 6 ) + const. (4.88) 



l 2 (M + sjM 2 - £)V2 
Equation (4.88) can be expressed in terms of horizon (outer) radius to yield, 

Sbh = ^ + 47T/3! logr + - ^^(— ) + 0(fr 3 ) + const.. (4.89) 
Ai t r_|_ 

Substituting r + from (4.62) and reinstating the unit 8G3 = 1, we can write this expression 

for entropy in terms of horizon area of the BTZ black hole as given by, 

S bh = ^ + 47T/3! log A - M7T ^ 2hG ^ L ) + ( h 3) + const _ (4 . 90) 
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This can also be written in terms of semi-classical Bekenstein-Hawking entropy (4.81), 

Sbh = S BU + 47T/3! \og(S BH ) - ^L#2 (_L) + (h 3 ) + const.. (4.91) 

The first term in (4.91) is the usual semi-classical Bekenstein-Hawking entropy (4.81) 
while the other terms are corrections due to quantum effects. We see that a logarithmic 
correction appears in the leading order. Incidentally, we also find inverse of area term in 
sub-leading order (4.90) which was not discussed in other approaches [21, 125]. 

Thus as an important observation we find that for both (3+1) and (2+1) dimensions 
the functional form of the corrected entropy (4.56) and (4.91) are identical. The reason 
behind such a behavior might have some deeper implications. Especially, these correc- 
tional terms play dominant role near the Planck scale, the physics of which is not very 
well understood. 

4.5 Trace anomaly and leading correction to semi- 
classical expressions 

Some recent works based on field theory [18, 126], quantum geometry [19, 127], statis- 
tical mechanics [20, 128, 129], Cardy formula [21, 130], brick wall method [22, 131] and 
tunneling method [23] have confirmed that there exist corrections to the semi-classical 
results in black hole thermodynamics. Despite of diversity among several approaches it 
has been found that most general form of black hole entropy includes logarithmic and 
inverse horizon area corrections to the semiclassical value. But they in general differ 
in fixing the coefficient of the leading/logarithmic correction. At the present status no 
approach has been able to tell us anything about other coefficients coming with inverse 
area terms. 

So far we have found that higher order corrections to the Hawking temperature (4.47) 
as well as entropy (4.56) of various black holes have quite generic structures. These 
results also matches with the works mentioned above. We also recall that there is one 
unknown coefficient coming with each of these higher order corrections to the area law. 
In this section we fix the normalisation (/?i) of the leading correction to the semi-classical 
black hole entropy and temperature. Unlike the existing works which fail to include all 
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spacetime metrics, here we fix f3\ for all spacetime metrics in (3+1) dimensional Einstein 
gravity. This coefficient is found to be related with the trace anomaly of the stress tensor 
for the scalar field. 

We start by considering the scalar particle action for the Kerr-Newman spacetime is 
given by (3.50) 

S(r,t) = \ S (r,t) + J2VSi(r,t)j = \ S (r, t) + J^ {M f^ g )t 5>(r, t)\ ,(4-92) 

where the appropriate form for Hkn from (4.46) is considered. Taking the first order (H) 
correction in this equation we can write the following relation for the imaginary part of 
the outgoing particle action 

lmSr(r, t) = 01 Q2 ImSr(r, t). (4.93) 

The imaginary part for the semi-classical action for an outgoing particle can be found 
from (3.14), (3.16) and (3.22) as 

/ (IT 

lmSr(r,t) = -2uTm / . (4.94) 

Jc \/f{r)g{r) 

Let us make an infinitesimal scale transformation of the metric coefficients in (3.6) 
parametrized by the constant factor such that f(r) = kf(r) ~ (1 + Sk)f(r) and 
g{r) = k~ x g{r) ~ (l + 5k)~ 1 g(r). From the scale invariance of the Klein-Gordon equation 
in (3.8) it follows that the Klein-Gordon field ($) should transform as $ = Since 
$ has a dimension of mass, one interprets that the black hole mass (M) should transform 
as M = k~ l M ~ (l + 5k)~ 1 M under the infinitesimal scale transformation. Therefore the 
other two black hole parameters (Q, a) and the particle energy uj should also transform 
as M does. Using these it is straightforward to calculate the transformed form of (4.93) 
and (4.94) to get 



lmST\r,t) = _ & lmST\r,t) = — & (1 + ^)Im5 out (r, t), (4.95) 
(Mr + - {Mr + - \) 
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and 



g^grM fa Im<S ou t(r t) (4 96) 

Now consider the massless scalar field action 
S = i I y/^gV^W^ (4.97) 



2 . 

Under a constant scale transformation of the metric coefficients (g^ — > g^ u ) this action 
is not invariant in the presence of trace anomaly. This lack of conformal invariance is 
given by the following relation 

% = \J <*V=ff(< n >W + < >( 2 ) +...), (4.98) 

where < > W ' g are the trace of the regularised stress energy tensor calculated for the 
i-th loop. However, in the literature [132, 133], only the first order loop calculation has 
been carried out and this gives 

6lmS ^ f) = Ilm / d*xV=9(< >«), (4.99) 

where, for a scalar background, the form of trace anomaly is given by [132, 133] 



< > (1) = (R^pvR^ - R^R!™ + V^Vfl) (4.100) 



Now integrating (4.94) around the pole at r = r + we get 



( r ,M— 

ImSr(r, t) = -2*0 / + M y (4.101) 
Putting this in (4.96) and comparing with (4.99) we find 

(M 2 - o 2 - ^A 1 / 2 r 

fa = - [ — W M2) Im / d'x^-g < T% >«. (4.102) 

Equation (4.102) gives the general form of the coefficient associated with the leading 
correction to the semi-classical entropy for any stationary black hole. To get fa for a 
particular black hole in (3+1) dimensions one needs to solve both (4.102) and (4.100) for 
that black hole. In the remaining sections we shall take different spacetime metrics and 
explicitly calculate fa for them. 
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Im J d^x^g < > (1) . (4.103) 



4.5.1 Schwarzschild black hole 

For Q = = J the Kerr-Newman spacetime metric reduces to the Schwarzschild space- 
time and from (4.102) it follows that 

h = -—. 

The effective energy of the tunneling particle (go) for the Schwarzschild spacetime is 
given by the Komar conserved quantity corresponding the timelike Killing vector (K^ ) 
evaluated at the event horizon. An exact calculation of the Komar integral (2.16) gives 
uj = M (also follows from (2.20) for Q = = M), where M is the mass of Schwarzschild 
black hole. Therefore we get 

A = -^Im J d A x^g < > (1) . (4.104) 

A similar result was found by Hawking [132], where the path integral approach based on 
zeta function regularization was adopted. The path integral for standard Einstein-Hilbert 
gravity was modified due to the fluctuations coming from the scalar field in the black 
hole spacetime. 

To find the trace anomaly of the stress tensor (4.100) we calculate the following 
invariant scalars for Schwarzschild black hole, given by 
48M 2 

R I1U RT = Q (4.105) 
R = 0. 

Using these we can find < T 7 ^ >W from (4.100) and inserting it in (4.104) yields, 
p\ ' = ~~ ooon 2 I m / III — fi — r smvardvatpdt 

(4.106) 



47r2880vr 2 J r=2M J e=0 Jt=oJt=o '•" 
1 



1807T 

The corrected entropy/area law (4.56, 4.57) is now given by, 
S bh h) = Sbh + ^ log S B n + higher order terms, 

yu 
A 1 

= — + — log A + higher order terms. (4.107) 
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The expression for corrected temperature follows from (4.47) and (4.106), given by, 
T^ h = T H M + — h M + higher order terms) . (4.108) 



4.5.2 Reissner-Nordstrom black hole 

For the Reissner-Nordstrom black hole, putting J = in (4.102), we get 
f2 _n2U/2 



(M ^ } Im y d 4 x^ < T% > (1) , (4.109) 



where the particle energy is again given by the Komar energy integral corresponding to 
the timelike Killing field Unlike the Schwarzschild case, however, the effective energy 
for Reissner-Nordstrom black hole observed at a distance r, is now given by a = limit 
in (2.20), 

O 2 

U)=(M--y). (4.110) 

For a particle undergoing tunneling r = r + = (M + a/ M 2 — Q 2 ), we get u = (M 2 — Q 2 ) 1 ^ 2 
and therefore (4.109) gives 

ft = --j^Im J d 4 x^ < > (1) . (4.111) 

This has exactly the same functional form as (4.104). To calculate this integral, we first 
simplify the integrand given in (4.100), for a Reissner-Nordstrom black hole, 

_ 8(7Q 4 - YlMQ 2 r + 6M 2 r 2 ) 

40 4 

= -jj-, (4.112) 

i2 = 0. 

With these results < is obtained and, finally, 

-r -i /*oo /»7r /*27r 

/3{ RN) = -- -Im / / / / <T^ U > (1) r 2 sm6drd6d(j)dt 

Pi 47r28807r 2 y r=r+ y e=0 ^ =0 y, =0 " 

1 S r 2 

= (1 + -^ = )• (4.113) 

180?r v 5r 2 -r,r_ ; v ; 
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Therefore the corrected entropy /area law for a Reissner-Nordstrom black hole is now 
given by (4.56, 4.57) 

1 . 3 r 2 

— (1 H 5 

90 5 r+ — r + r_ 

A 1 . 3 r 2 

T + ™ 1 + 7^ 1 

4 90 5 ri - r + r_ 



^(rn) = ^ + JL(]_ _j_ ^ _ ' ) log^BH + higher order terms. 
1 3 / 

+ — (1 + --^ — = ) log A + higher order terms. (4.114) 



Unlike the Schwarzschild black hole here the prefactor of the logarithmic term is not a 
pure number. This is because the presence of charge on the outer region of the event 
horizon includes a contribution to the matter sector. Therefore the charge (Q) directly 
affects the dynamics of the system which in turn is related to entropy. It is interesting to 
see that in the extremal limit the prefactor of the logarithmic term blows up, suggesting 
that there cannot be a smooth limit from non-extremal to the extremal case. This is 
in agreement with a recent work [134] where it is argued that the extremal limit of the 
Reissner-Nordstrom black hole is different from the extremal case itself. For the extremal 
case the region between inner and outer horizons disappears but in the extremal limit 
this region no longer disappears, rather it approaches a patch of AdS2 x S 2 . As a result 
the non-extremal to extremal limit is not continuous. 

Finally the corrected temperature for the this black hole is found from (4.47), given 

by 

T* N = T H [ 1 + — „ 2 + higher order terms I , (4.115) 

V ( Mr +-¥) 

where fti is expressed in (4.113). 
4.5.3 Kerr black hole 



The Kerr black hole is the chargeless limit of the Kerr-Newman black hole. This is an 



axially symmetric solution of Einstein's equation and has two Killing vectors and 



as already discussed in Chapter-2. 

For a Kerr black hole (4.102) reduces to 

(M 2 - ^-W 2 r 

ft = Im / d 4 xy^ < T"L > (1) (4.116) 



Attuj 
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where u is represented by (3.15). In Q = limit the results for the effective conserved 

M 2 • 



charges (2.20,2.35) yield u = (M 2 — jfi) 1 ^ 2 and therefore (4.116) becomes 



fa = -— Im / d 4 x^ < > (1) (4.117) 



47T 

which is exactly same as the two previous cases. The invariant scalars for Kerr spacetime 
are given by 

wvpa _ 96M 2 (ai + 15a 2 cos2# + 6a 4 (a 2 -10r 2 )cos4# + a 6 cos6#) 

R^paR ~ ( G 2 + 2r 2 + a 2 cos2 ^)6 ' 

a x = (10a 6 - 180a 4 r 2 + 240a 2 r 4 - 32r 6 ), 
a 2 = (a 4 - 16a 2 r 2 + 16r 4 ) 
R liV R^ = (4.118) 
R = 0, 

from which the trace < >W in (4.100)is obtained. Now performing the integration 
we get 

/?j K) = -Im / / / / <T^ > (1) r 2 sm8drd6d(f)dt 

Pl 47T28807T 2 y r=r+ y e=o y 0=o y, =o " 

= . (4.119) 
180tt v ; 

Therefore the corrected entropy/area law for a Kerr black hole that follows from (4.56, 
4.57) is given by, 



^bh = ^bh + 7^ log 5bh + higher order terms 



(K) _ <j , 1 
90 
A 1 

= — + — log A + higher order terms. (4.120) 

This result is identical to the Schwarzschild black hole. This can be physically explained 
by the following argument. The difference between the Schwarzschild and Kerr spacetimes 
is due to spin(a). Unlike charge (Q), which has a contribution to the matter part, spin is 
arising in Kerr spacetime because of one extra Killing direction. This difference is purely 
geometrical and has nothing to do with the dynamics of the system and as a result there 
is no difference between the structure of corrected entropy in these two cases. 

Likewise the corrected temperature has the identical expression given in (4.108) where 
Th now represents the Hawking temperature for the Kerr black hole. 
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4.5 .4 Kerr-Newman black hole 

The general expression for f}\ in (4.102) involves the total energy of the tunneling particle, 
given by (3.15). Unlike the Kerr black hole, in this case the effective energy faced by a 
particle at a finite distance from the horizon is not the same as felt at infinity. Because 
of the presence of electric charge (Q) it is modified. This was also the case for Reissner- 
Nordstrom black hole where one extra term (— — ) arose in (4.110) due to the charge 
of the black hole. Using the effective expressions (2.20) and (2.35) in (3.15) we obtain 
to = [M 2 — Q 2 — j^) 1 / 2 . Therefore /3\ for the Kerr-Newman spacetime reads as, 

h = -^Im J d A x^g < >« (4.121) 

which is identical to the previous expressions. The invariant scalars for Kerr-Newman 
black holes are given by 

1 28 

p TD^vpcr _ 

^ ~ (a 2 + 2r 2 + a 2 cos2#) 6 

[192r 4 (Q 2 - 2mr) 2 - 96r 2 (Q 2 - 3mr)(Q 2 - 2mr)(a 2 + 2r 2 + a 2 cos 29)) 
+ (7Q 2 - 18mr)(Q 2 - 6mr)(a 2 + 2r 2 + a 2 cos29) 2 
- 3m 2 (a 2 + 2r 2 + a 2 cos 26)% 

RauR^ = — 1, (4.122) 

(a 2 + 2r 2 + a 2 cos2#) 4 V ' 

R = 0. 

Simplifying < T£ >^ in (4.100) and performing the integration in (4.121) one finds 

5kn_ r 2 + r + r^ - Q 2 / r + y/r + r_ - Q 2 8 2 

Pl " 5760vrr 4 (r + -r_)(r + r_-Q 2 )5/2 ^ + r 2 + r+r _ _ Q2 W a 2 r + + a 3 r + i 

(4.123) 

with, 

ai = 9Q 4 [r 4 tan" 1 ( T+ =) + (Q 2 - r_r + ) 2 cot" 1 



a 2 = 6Q 6 r+ - 41Q 4 r^ + 32r 4 r^ + 2Q 2 r_(9Q 4 + 13g 2 r 2 + 32r 4 ) 
« 3 = 9Q 4 + 64Q 2 r 2 + 32r 4 . 



r_r_ 
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The corrected entropy/area law now follows from (4.56) and (4.57), 



c(KN) _ r< 
^bh ~~ "BH + 



r + + r + r_ — Q 2 
2880rj(r+ - r_)(r + r_ - Q 2 ) 5 / 2 



a x + r V^ r r "__^ 2 (9g 8 - a 2 r + + a 3 r 2 r 2 ) j x 

log S'bh + h- o. terms. 

A r\ + r + r_ — Q 2 

~ T + 2880r^ (r+ - r_)(r + r_ - Q 2 ) 5 / 2 X 

logA + h. o. terms. (4.124) 

For Q = the above prefactor of the logarithmic term reduces to ^, the coeffecient for 
the Kerr spacetime. This proves the robustness of the result. 

Finally plugging the result for L3\ from (4.123) into (4.47) gives the desired result of 
corrected temperature of the Kerr-Newman black hole. 



4.6 Discussions 

Let us now summarise the content of this chapter. We have given a new and simple ap- 
proach to derive the "first law of black hole thermodynamics" from the thermodynamical 
perspective where one does not require the "first law of black hole mechanics" . The key 
point of this derivation was the observation that "black hole entropy" is a state function. 
In the process we obtained some relations involving black hole entities, playing a role 
analogous to Maxwell's relations, which must hold for any stationary black hole. Based 
on these relations, we presented a systematic calculation of the semi-classical Bekenstein- 
Hawking entropy taking into account all the "work terms on a black hole" . This approach 
is applicable to any stationary black hole solution. The standard semi-classical area law 
was reproduced. An interesting observation that has been come out of the calculation was 
that the work terms did not contribute to the final result of the semi-classical entropy. 

To extend our method for calculating entropy in the presence of higher order correc- 
tions we used the result for the corrected Hawking temperature as derived in Chapter-3. 
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However this result involved a number of arbitrary constants. Demanding that the cor- 
rected entropy be a state function it was possible to find the appropriate form of the 
corrected Hawking temperature. By using this result we explicitly calculated the entropy 
with higher order corrections. In the process we again found that work terms on black 
hole did not contribute to the final result of the corrected entropy. This analysis was done 
for the Kerr-Newman spacetime and it was trivial to find the results for other station- 
ary spacetimes like (i) Kerr, (ii) Reissner-Nordstrom and (iii) Schwarzschild by taking 
appropriate limits. Identical results were found for (2+1) dimensional BTZ black hole. 
It is important to note that the functional form for the corrected entropy is same for all 
these stationary black holes. The logarithmic and inverse area terms as leading and next 
to leading corrections were quite generic up-to a dimensionless prefactor. 

The coefficient of the leading order correction was calculated and it was found to be 
proportional with the trace anomaly evaluated in the 1st order loop approximation. In 
particular the coefficient of the leading correction was computed exactly for all known 
black hole solutions of Einstein gravity in (3 + 1) dimensions. Since the result of trace 
anomaly is known only in the first loop approximation we could not tell anything about 
the coefficients coming with higher (non-leading) corrections to temperature and entropy. 



Chapter 5 



Thermodynamics of 
noncommutativity-inspired 
Schwarzschild black hole 

We have, so far, found modifications to the Bekenstein-Hawking area law and Hawking 
temperature of various black holes. These modifications were due to the higher order 
corrections in the WKB ansatz for the tunneling quantum field. However, this is not 
the only way that expressions for thermodynamic variables may be modified from their 
standard semi-classical values. Indeed, similar modifications may be generated by the 
noncommutative corrections to gravity, which also have black hole solutions. These are 
usually referred as noncommutative inspired black holes [47, 48], [135]- [145]. This ap- 
proach has drawn significant attention in recent times (for an extensive list of references 
we refer review articles [146, 147]). Unlike the usual NC geometry where noncommuta- 
tivity is introduced in the coordinate sector, here, it appears in the matter sector. In 
the following section we elaborate on this point and outline the method for obtaining the 
simplest (Schwarzschild) type black hole solution. 
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5.1 Noncommutative geometry inspired Schwarzschild 
black hole 

The usual definition of mass density in terms of the Dirac delta function in commuta- 
tive space does not hold good in noncommutative space because of the position-position 
uncertainty relation. In noncommutative space mass density is defined by replacing the 
Dirac delta function by a Gaussian distribution of minimal width yd in the following 

way [48] 1 

Mr) = (4^"" (8 ' 1) 

where the noncommutative parameter 6 is a small (~ Plank length 2 ) positive number. 
Using this expression one can write the mass of the black hole of radius r in the following 

way 

r 2M 
m 9 (r)= / Anr' 2 p e {r')dr' = -=7(3/2, r 2 /W) (5.2) 
Jo V 71 " 

where 7(3/2, r 2 /48) is the lower incomplete gamma function defined as 

j{a,x) = / t a - x e- l dt. (5.3) 



Jo 

In the limit 6 — > it becomes the usual gamma function (r tota i). Therefore mg(r) — > M 
is the commutative limit of the noncommutative mass mg(r). 

To find a solution of Einstein equation with the noncommutative mass density of the 
type (5.1), the temporal component of the energy momentum tensor (Tg) 1 ^ is identified 
as, {Tg)\ = —pg. Now demanding the condition on the metric coefficients {ge) tt = —{ge) rr 
for the noncommutative Schwarzschild metric and using the covariant conservation of 
energy momentum tensor {Tg) 1 ^ . u = 0, the energy momentum tensor can be fixed to the 
form, 

( T d)l = diag[-p e ,Pr,p',p'], (5.4) 



This definition of mass density has been related to the Voros product between two coherent states 
defined in noncommutative space [42] . 
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where, p r = —pe and p' = p r — \d r pQ = — (1 + ^d r )pg. This form of energy momentum 
tensor is different from the perfect fluid because here p r and p' are not same. Using (5.1) 
we obtain, 

- 2 - M 



p' 



r 



(AtxO) 



e « (5.5) 



i.e. the pressure is anisotopic. But for r « y/O, the first term in (5.5) drops out and 
p' = —pe = p r , i.e. the energy- momentum tensor takes the isotropic form. When r — > 
the energy density tends to a constant value ^s- On the other hand, at the large 

(47T0) 3 

values of r (r >> y/9) all the components of the energy-momentum tensor very quickly 
tend to zero and so the pressure is again isotropic and the Schwarzschild vacuum solution 
is well applicable. 

The solution of Einstein equation (in c = G = 1 unit) (Gg) fll/ = 87r(T6i) Ail/ , using (5.4) 
as the matter source, is given by the line element [48], 

rlr 2 / AM 3 r 2 \ 

ds 2 = -f e (r)dt 2 + j^r ) + r 2 dQ 2 ; f e (r) = -{ge) tt = (l - ^) J (5-6) 



Incidentally, this is same if one just replaces the mass term in the usual commuta- 
tive Schwarzschild space-time by the noncommutative mass mg(r) from (5.2). Also 
observe that for r >> \/d the above noncommutative metric reduces to the standard 
Schwarzschild form. 

The metric (5.6) represents a self-gravitating, anisotropic fluid type matter. The 
existence of the radial pressure in the small length scale (r << y/6) is due to the quantum 
vacuum fluctuation and it balances the inward gravitational pull to prevent the collapse 
of the matter to a point. This is reminiscent of earlier works [148]-[150] where such a 
phenomenon is associated with the occurrence of a de-Sitter metric inside the black hole 
ife{ r ) < 0). As we now show the introduction of noncommutativity naturally induces a 
de-Sitter metric for r << y/6. In this limit the metric coefficient fe(r) in (5.6) reduces 
to, 
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Therefore in this limit the metric (5.6) reduces to a de-Sitter metric with cosmological 
constant 

M , s 



which has a constant scalar curvature, given by, 

* = (5 - 9) 

Consequently there is no curvature singularity present any more, instead one finds a de- 
Sitter core of constant positive curvature surrounding the close vicinity of the singularity 
at r = 0. This is in agreement with [148]- [150] where the existence of the inner de-Sitter 
core was mentioned. Taking the commutative limit 9 — > in (5.9) immediately manifests 
the singularity. 

It is interesting to note that the noncommutative metric (5.6) is still stationary, static 
and spherically symmetric as in the commutative case. One or more of these proper- 
ties is usually violated for other approaches [151]-[154] of introducing noncommutativity, 
particularly those based on Seiberg-Witten maps that relate commutative spaces with 
noncommutative ones. 

The event horizon of the black hole can be found by setting (go) tt = in (5.6), 

r=r h 

which yields, 

4M ,3 rjL , 
r» = ^(- 2 ,p- (5-10) 



Keeping upto the leading order A/2 / e ' ) we find 



2M 



r h ~ 2M ( 1 - ^Le- M /e ) (5.11) 
'tt6 

Now for a general stationary, static and spherically symmetric space time the Hawking 
temperature (T h ) is related to the surface gravity (k) by the following relation [136] 

T h = -; , = [-^- r , (5.12) 
2tt' l 2 dr 1 h v ; 
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Therefore the Hawking temperature for the noncommutative Schwarzschild black hole is 
given by, 



1 

47T 



2 p — fh 
' h C 40 



T h 4^/2 , 3 rU 
l\2i A6> 



(5.13) 



To write the Hawking temperature in the regime -h » 1 as a function of M we will use 
(5.11). Keeping upto the leading order in 9 we get 

4M 3 



Th 



1 



8vrM 



1 - 



3 -M 2 /e 



,^03/2 

We will now use the integrated form of the first law of thermodynamics, 
dM 



(5.14) 



JdS hh = j 



(5.15) 



to calculate the Bekenstein-Hawking entropy. Upto the leading order in 9 this is given 
by, 



S hh = ^; A e = Atit-I ~ 16vrM 2 - 64, /?M v - 



(5.16) 



Although this is functionally identical to the Benkenstein-Hawking area law in the com- 
mutative space, note that, there is a NC correction to the semiclassical value. In 9 — > 
limit this extra contribution vanishes and we recover the known result. In the next sec- 
tion we consider a new graphical analysis and find all such NC modifications to all orders 
in 9. 



5.2 Graphical analysis and noncommutative correc- 
tions to the semiclassical area law 

r 2 

We have analytically seen above that in the limit jk » 1 the noncommutative version 
of the semi-classical Bekenstein-Hawking area law holds upto the leading order in 9. This 
motivates us to see whether this law holds for all orders in 9, irrespective of the limit we 
have mentioned. Since analytically it seems very difficult, this issue will be discussed by 
a graphical analysis. 
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It will be always useful for us to write the right hand side of (5.15) in terms of the 
horizon of the black hole. Using (5.10) we have 



dM 



r 2 

e 4e 



W3 i-j L 402 „(§. Jj^j 
' V 2 ' 40 / ' V 2 ' 40 



(5.17) 



Substituting this and (5.13) in (5.15), we get a closed form relation, 
dSbh 



7T2T/J 



dr h 



l\2i 40/ 



(5.18) 



This will be compared graphically with the quantity 



dS h 



dr h 



calculated from the semi- 



classical Bekenstein-Hawking area law (5.16). This yields, using (5.16), 
dSbh 



dr h 



Now is plotted as a function of r h (for both equations (5.18) and (5.19)) in figure 



2nr h . 



semiclassical 



(5.19) 



(5.1). It is interesting to see that semiclassical area law still holds for > 4.8a/# since 




Figure 5.1: Vs. plot. -J^ is plotted in units of AO and is plotted in units of 
2y/0. Red/upper curve: for eq. (5.18), Black/lower curve: for eq. (5.19). 

the two curves exactly coincide. To further understand this issue we solve for r h by 
equating (5.18) and (5.19) to obtain, 

which is put in the form, 

/ Ue dtVie-* = ^ (5.21) 

.In 2 
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A numerical analysis yields the saturated bound for r -j as (4.8) 2 . This shows that the 
linear area law holds for values of > 4.8v / #- 

Now in the region < A.&y/Q the two curves do not coincide. So there is a deviation 
from the usual area law. Also one can see from figure (5.1) that the curve for (5.18) 
(red/upper curve) attains a minimum value at = 3.0\/6 and then sharply diverges 
for Th < 3.0a/# which is physically unreasonable since the change of Bekenstein-Hawking 
entropy with the horizon is expected to be unidirectional. This point will be cleared in 
the following analysis. 

17.5 
15 
12.5 

a i0 



Figure 5.2: M Vs. plot. M is plotted in units of2\/9 and is plotted in units of2\fd 
for eq. (5.10). 

In figure (5.2) we plot the black hole mass M as a function of (for equation (5.10)). 
It shows there is a minimum value (M = 1.9>/0) of M at r h = 3.0^9 and noncommu- 
tativity introduces new behavior with respect to the standard Schwarzschild black hole 
[48, 138]: 

(i) Two distinct horizons occur for M > Mq: one inner (Cauchy) horizon and one outer 
(event) horizon. 

(ii) One degenerate horizon occurs at = 3.0^/9 for M = M . 

(iii) No horizon occurs for M < Mq. 

In the case of M » Mo, the inner horizon shrinks to zero while the outer horizon ap- 
proaches the Schwarzschild radius 2M. These features are also explained in [48, 138]. 
Now we plot Th as a function of in figure (5.3) (for equation (5.13)). It is observed 
that for < 3.0\/6 there is no black hole because physically Th cannot be negative. 
Therefore the black hole only exists in the region > 3.0\/0 for which there is only one 
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horizon. 




Figure 5.3: Vs. plot. is plotted in units of -\ and is plotted in units of 2\/d 
for eq. (5.13). 



Now the minimum of (see figure (5.1)) occurs for = 3\/# which just saturates 
the limit of physical validity of the black hole. Thus the sharp increase of ^ for 
rh < 3\/8 is in the unphysical domain and hence ignored. 

So it is clear from figure (5.1) that the semi-classical area law is not satisfied in the 
region 3.0\/6 < < 4.8\/9 while for > 4.8y/9 the Bekenstein-Hawking area law holds 
perfectly. We now find the correction to this area law such that it will describe the 
entropy for the complete physical region. 

To do this we proceed as follows. The first step is to expand (5.18) in powers of the 
upper incomplete gamma function T( 



'3 Ul\ 
■ 2' 40 /> 



T(a, x) 

so that, 

dSbh 
dr h 



(5.22) 



2 

2nr h 
27ir h 



3 »£' 
2' 40 < 

2 



r 

i - 



1 + A F( 3 ±~ 
7r 2' 46' 



T(- ^ 
7T 2 46 



tt k 2' 46> ; tt! { 2'46' 



(5.23) 



The above expansion is valid only when |r^r(|, ^ 
analysis. The plot (5.4) shows that 
hole region. 



Jtt V2' 40 < 



< 1. This is proved by a graphical 



is always less than 1 for the entire black 
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Figure 5.4: ^r(§, ^) Vs. % plot. 

The first term in (5.23) corresponds to the usual area law. The other terms are 
therefore interpreted as corrections to the area law. To justify this we will take the help 
of graphical analysis. Taking only the first order correction, 

r 2 .3 r?.i 

2itr h 



is written as 



^bh (1) 



dr h 



7r 2' 40 



(5.24) 



The variation of versus r h for equations (5.18), (5.19) and (5.24) is shown in figure 




Figure 5.5: Vs. plot. is plotted in units of A9 and is plotted in units of 

2\/6. Red/upper curve: for eq. (5.18), black/lower curve: for eq. (5.19) and blue /middle 
curve: for eq. (5.24). 

(5.5). It is observed that the blue curve (corresponding to (5.24)) has the correct linear 
behaviour for > 4.8\/#. Below this it agrees with the red curve almost till the extremal 
(physical) limit = 3.0\/8, near which it shows a slight deviation. To improve this 
situation, the next order correction in (5.23) is included, 



dS hh W 



dr 



bh 



i + — rr- r M + -v 2 (- ^ 



(5.25) 
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This is now plotted in figure (5.6) along with equations (5.18) and (5.19). It shows 




Figure 5.6: Vs. plot. is plotted in units of 49 and is plotted in units of 

2\/6. Red/upper curve: for eq. (5.18), black/lower curve: for eq. (5.19) and blue/middle 
curve: for eq. (5.25). 



that the blue curve coincides with the red curve for the entire physical domain > 
3.0\/9. Incidentally, if the third order correction had been included (see figure (5.7)), the 
matching would extend below the extremal limit ry L = 3.0\/6. In fact the curves begin 
to coincide from = 2.6\/# which actually lies in the unphysical domain and hence is 
inconsequential. Therefore we conclude that it is both necessary and sufficient to take 
upto the second order correction in the variation of the Bekenstein-Hawking entropy 
with the horizon of the black hole and (5.25) should eventually lead to the required 
correction to the area law in the region of our interest. Now integrating over rh, (5.25) 
yields 



bh 



7tr h 



_ r ^e _ 49 — Q^fuO r h e~^ _ QnOyl — Erf(— j=)j 



-r v h 46' 



(5.26) 



This is the desired expression for the entropy in the entire physical region of the black 
hole that is valid to all orders in 9. Taking the large radius limit (^ >> 1) and keeping 
terms up to the leading order (^ e ~^) immediately reproduces (5.16). 

Expressing (5.26) in terms of the semi-classical noncommutative area Aq = 4-nr\ (5.16) 



5.2. Graphical analysis and noncommutative corrections to the semiclassical area law 



103 



the cherished area law is obtained, 



5, 



bh 



+ 



Ae 
4 

A, 



3 

A3 



8ttV0 
,3 A 



r 



2Jtt v 2' 16tt# 



+ 



7T 



,3 A fl 



'2' 16tt# 



- 67r0(l- Erf ( 

)dAg. 




4\ 7i9 



(5.27) 



The first term yields the noncommutative version of the famous Bekenstein-Hawking 




Figure 5.7: Vs. plot. -J^ is plotted in units of AO and is plotted in units of 
. Red/upper curve: for eq. (5.18), black/lower curve: for eq. (5.19) and blue/middle 
curve: for third order correction. 

semi-classical area law. The other terms are the corrections to the area law. These 
corrections, contrary to the higher h corrections, do not involve any logarithmic terms. 
Rather, they involve exponentials of the noncommutative semi-classical area A as well as 
the error function. Taking the large area limit » 1) and retaining terms upto the 
leading order (^ e ~^) ; the general structure in (5.27) reduces to (5.16). Finally, in the 
commutative limit 6 — > 0, all terms except the ^ term separately vanish and the usual 
semi-classical Bekenstein-Hawking area law is reproduced. 

There is a further point that deserves some attention. From (5.1) it is observed that 
rg = 2 V 6 might be interpreted as the radius of some sphere where noncommutative effects 
cannot be ignored. In that case the particular combination (j^q) appearing in (5.27) 
could be regarded as the ratio between the areas of the black hole and the noncommutative 
sphere. 

We now show that at the extremal limit = 3.0\/6 (which corresponds to the zero 
temperature degenerate horizon state) the entropy vanishes. To show this the appropriate 
limit of (5.26) from = 3.0\/8 upto some arbitrary is taken, 
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S 



bh 



r h =3.0V6 



7rn 



V" Q _'_h_ 



r h e 49 — 6v ti9 r^e 



■I 



6nd (l - Erf( 



r h r\-,?A) drh 



'V, 



r h =3.0Ve 



(5.28) 



A numerical plot (figure 5.8) clearly reveals that Sbh = at the extremal point 




Figure 5.8: Sbh Vs. plot. Sbh is plotted in units of and rh is plotted in units of 
3.0v^. 

With the above analysis we are now sure that noncommutative effects indeed modify 
the semi-classical results of black holes defined in the commutative spacetime. However 
these effects are purely semi-classical and do not include any higher order corrections to 
the WKB ansatz. In the next section we incorporate both NC and higher order (in K) 
effects in the ansatz and find out a general expression for entropy/temperature for this 
black hole. 



5.3 Noncommutative Schwarzschild black hole and 
corrected area law 

In the previous section, the modification to the semi-classical expressions (5.16 and 3.4) 
was explicitly dictated by the NC parameter (9). In this section we contain ourselves 
to the leading order in 9 (5.16) and calculate temperature/entropy by going beyond the 
known semi-classical limit. 
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As NC Schwarzschild black hole is also a static and spherically symmetric solution it 
is trivial to use tunneling method to obtain the corrected Hawking temperature identical 
to (3.51) [with Q — = a]. In fact mimicking the steps carried out for the commutative 
case, it is trivial to obtain the corrected temperature [again with Q = = a] (4.47) 
and corrected entropy identical with (4.56, 4.57). However a distinction due to the NC 
parameter (8) should be manifested in the definition of the entropy or horizon area of these 
terms. In the following we now calculate the coefficient of the leading order correction 
following (4.102 with Q = = a), for this black hole. Interestingly it is also found 
to have the NC modifications. 

We start by calculating the invariant scalars for the metric (5.6). This is found to be 



48M^ M 2 e-( r2 / 2 e > 
r 6 47rr 6 6 15 



p ryabcd • 

tiabcdti — a 1 ; ^ x 



r 10 + 16a a + 320 3 eC^)r(! r ^)a 2 + 768e^r(|, J 
where, ct x = (r e 6 2 - ^ r 5 6 z e^/^ - A^rW 1 * 2 ^) 
a 2 = C£= - 24v/^V^ + 46 2 (jf 2 ^J 



(5.29) 



p r>ab 



M 2 e-( r2 / 2g >(r 4 -8r 2 fl + 32fl 2 ) 
8^ 

Me-( r2 / 4e V-8a) 



R 



2^ 5 / 2 



(5.30) 
(5.31) 



Note that in the commutative limit (6 — > 0) the above results match with the known 
results of the standard vacuum Schwarzschild spacetime metric, for which R a i )C( iR abcd = 



ASM 2 



r 6 j 



R ab R ab = 0, R = 0. To find the trace anomaly (4.100), we now evaluate 



V a V a R 



2M(r 2 - 120) (r 2 /efl 2 e + y/^e r2 ^ d a 3 



87T0 5 (r 2 /6») 1/2 

+4Me( r2 / 4e )r(3/2, r 2 /A6)a A 
where, a 3 = (r 5 - 22r 3 9 + 72r9 2 - 2M(r 4 - 20r 2 # + 48# 2 )) 
a 4 = (r 4 -20r 2 6 + A89 2 ). 



(5.32) 
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Exploiting all these results, the trace anomaly is calculated from (4.100), upto the leading 
order in C(e *»), as 



2880tt 2 



48M 2 4M 2 e -^ 2 /(4e)\ Me"^) 



n6 5/2 r 



80F# 9 / 2 



[r 4 - 2Mr 3 - 22r 2 # + 40Mr#] 



+0(e 



-r 2 /(20^ 



Substituting this in (4.102) and performing the integral yields 



M 



1807TW 



1 + 



2M 



(1- 



2M 2 



-M 2 /(e) 



<D(V6e 



-M 2 /(9) 



(5.33) 



To compute w, we calculate the Komar energy integral (2.16). For the spacetime metric 
(5.6) we get 



u = M 



l_4=fl + — ^" r2/(4e) 



"K 



e y 29' 



(5.34) 



Note that at spatial infinity (r — > oo), the Komar energy (u) is nothing but the commu- 
tative mass (M) of the spacetime as expected. However for finite distance the effective 
energy involves NC corrections. Also, for the commutative limit {6 — > 0), uj = M holds 
at any radial distance outside the event horizon which is a well known fact for the stan- 
dard Schwarzschild black hole. Near the event horizon (5.11), the above expression for oj 
simplifies to 



u = M 



2M , 2M 2 , 
1-^(1 + — )e 



M 2 /e 







+ o(Vee- M2 ^] 



(5.35) 



Substituting this in the expression for j3i in (5.33), we obtain : 



ft 



1 



1807T 



1 + 



AM 



-M 2 /e 



+ 0(V9e- M2 / e ) . 



(5.36) 



Exploiting (4.56, 4.57) and (5.36), we find the corrected entropy/area law (upto leading 
order correction) for the NC Schwarzschild black hole 



oNSch 
°bh 



— + — (1 + ^M- e ~ Arfs ) In — 
4ft 90 Jrt) ' ft 



e ) In ^ + O{V0e-^r 



AM 



-M 2 /e 



\nS BH + o(Ve e -^) 



(5.37) 



5.4. Discussions 



107 



This expression of entropy for NC Schwarzschild black hole involves both the NC and 
quantum effects. The first term in this expression is the semi-classical entropy (including 
9 modified horizon area) and the next term is the leading correction in h. The coefficient 
of the logarithmic correction is different from the standard Schwarzschild black hole due 
to the presence of noncommutative parameter (9). In the commutative limit 9 — > 0, the 
expression for the corrected entropy exactly matches with the standard Schwarzschild 
case where the coefficient of the leading correction is ^ (see chapter 4, eq. 4.107). 

The corrected temperature, in presence of the leading correction for both 9 and h, is 
now given by 

+ higher order terms I . (5.38) 



T^NSch 
1 bh 



T H 1 + 



h 



1807rMr, 



1 + 



AM 
J^9 



-M 2 /e 



5.4 Discussions 



We have made a detailed investigation of the Hawking temperature, entropy and the area 
law for a Schwarzschild black hole whose metric is modified by effects of noncommutative 
effect. The noncommutative version of the semi-classical Bekenstein-Hawking area law 
holds in the region > 4.8\/#. The linear relation between entropy and area was violated 
below this horizon radius till the extremal point = 3.0a/#. From a graphical analysis 
we found the correctional terms to the area law to cover the complete physical domain 
( r h > 3.0y/9) of the black hole. The correction terms involved exponentials as well as 
error functions. We have also considered the higher order (in h) effects in the WKB 
ansatz and calculated the leading order correction to the entropy and temperature where 
both NC and quantum effects were present. 



Chapter 6 



Ehrenfest's scheme, thermodynamic 
geometry and black hole phase 
transitions 

The indispensable connection between black holes and thermodynamics often allows us 
to exchange ideas in these two fields. In this chapter we further build on this fact and use 
fundamental tools of thermodynamics to black hole systems. Particularly we study phase 
transition phenomena in black holes by using its analogy with standard fluid systems. Our 
approach is inspired by Clausius-Clapeyron and Ehrenfest's ideas for the identification 
and classification of phase transitions [155, 156]. Although several works [24]-[37] on 
black hole phase transitions are present in literature, the above concepts, in fact, had 
never been used for black holes. For the first time we introduce such an approach to 
study black hole phase transitions, which, interestingly is found to be quite powerful. 

This chapter is organized in the following manner. In section-6.1 we derive Ehrenfest 
relations for rotating black holes. In the next section (6.2) phase transition in Kerr anti- 
de Sitter black holes has been discussed. Here we show that there exists a second order 
phase transition from the lower to higher mass black holes. In section 6.3 we follow a 
thermodynamic geometry approach to study phase transition in the Kerr-AdS black hole 
and compare the results found here with those found by using the Ehrenfest's scheme. 
The last section is for summary and discussions. 
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6.1 Derivation of Ehrenfest 's relations for black holes 

In this section we use Ehrenfest 's ideas and implement them for black hole systems 
undergoing phase transitions. It leads us to a set of Ehrenfest like relations for black 
holes (although we consider the rotating black holes here, it is easy to translate it for 
charged black holes as well). The key point of this derivation lies on the known analogy 
between the first law of black hole thermodynamics, given by (4.7) and other fluid systems, 
given by (4.8). 

Using the above mentioned analogy the Gibbs energy for black holes can be con- 
structed in the following form, 

G = M -n n J -TS. (6.1) 

The differential form of this is written as, 

dG = -JdVl H - SdT (6.2) 

From this equation, black hole entropy and the angular momentum can be written as the 
derivatives of the Gibbs free energy as, 



Since, by definition, the Gibbs free energy (6.1) is a state function, dG is an exact 
differential and hence we get the following Maxwell relation from (6.2) 

(§)„„ = (Ct (6 ' 5) 

Note that a system, undergoing a first order phase transition, has a continuous Gibbs 
energy (G) but the first order derivatives of G are discontinuous. The infinitesimal 
variation of G is equal at both phases which yields the Clausius-Clapeyron (CC) equation 
for such systems. The famous example is the liquid to vapor phase transition which 
satisfies CC equation. Similarly, in a second order phase transition Gibbs free energy 
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and its first order derivatives i.e. entropy and angular momentum (analog of volume), 
are all continuous. However, all the second order derivatives of G, namely, heat capacity 
at constant pressure (Cp), volume expansion coefficient (a) and compressibility (fcp) are 
discontinuous at the critical point. So at a phase transition point, characterized by some 
temperature T c and an angular velocity f2p, one has 

Gi = G 2 (6.6) 
S 1 = S 2 (6.7) 
Ji = J 2 (6.8) 

where the subscripts 1 and 2 denote the values of the different physical quantities in the 
two phases. 

Let us now consider the equality (6.7). If the temperature and angular velocity are 
increased infinitesimally to T + dT and Qh + dQ^ then 

Si + dSi = S 2 + dS 2 (6.9) 
From (6.7) and (6.9) we find 

dSt = dS 2 (6.10) 
Taking S as a function of T and Qh 

S = S(T,Q H ) (6.11) 
we write the infinitesimal change in entropy as 

* '(ft) a.** (St* 1 * (612) 
Using (6.5), the above equation takes the form, 

dS =^dT + JadVL H (6.13) 



where 



J \dT J 



n 
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is the coefficient of change in angular momentum and 

Cn H =T(%) . (6.15) 



dTj 



Since J is same in both phases, 

dSi = ^^dT + J ai dn H (6.16) 
dS 2 = ^^dT + Ja 2 dQ H (6.17) 

Now use of the condition (6.10) requires the equality of (6.16) and (6.17), 

^Y^dT + J ai dn H = °Y^dT + Ja 2 dVL H . (6. 18) 

This gives the first Ehrenfest's equation 



dT J s TJ(a 2 — cki) 

We now take the constancy of angular momentum (6.8) which, under infinitesimal change 
of temperature and angular velocity, gives 

dJi = dJ 2 . (6.20) 
Taking angular momentum as a function of T and Qh, 

J=J(T,n H ) (6.21) 
we get the differential relation 

dJ = (|^) dT+(^-) dQ H (6.22) 



\ dT Jn H \dn H/T 
= JadT-Jk T dtt H (6.23) 

where 
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is the analog of compressibility. Since dJ is same for the two phases, we get the second 
Ehrenfest's equation by mimicking the previous steps used to derive (6.19) 



dT 



kr^ — ki 



(6.25) 

j ,v T2 — K Tl 

This completes our task of deriving Ehrenfest equations (6.19) and (6.25) for rotating 
black holes . We are thus in a position to analyze and classify black hole phase transitions 
using the tool of thermodynamics. In the subsequent part of this chapter we perform 
such studies. 

For future convenience we provide a table showing the analogy between the usual 
thermodynamic variables and black hole parameters: 



Standard Fluids 


Black Holes 


Energy (E) 


Mass (M) 


Volume (V) 


Angular momentum (J)/ Charge (Q) 


Pressure (P) 


Angular velocity (— Q)/ Electric potential (— $) 


Entropy (S) 


Entropy (S) 


Temperature (T) 


Temperature (T) 


First law: dE = TdS - PdV 


First law: dM = TdS + VtdJ/^dQ 



Table 6.1: Analogy between standard thermodynamical systems and rotating/charged 
black holes 



6.2 Phase transition in Kerr Anti-de Sitter (AdS) 
black holes 

6.2.1 The Kerr-AdS black hole 

Kerr AdS black hole is a solution of Einstein equation in (3+1) dimensions with a negative 

cosmological constant A = — 4. It is characterised by two parameters, namely mass M 

and angular momentum J. The spacetime metric of the Kerr AdS black hole in Boyer- 

Lindquist coordinates (t, r, 9, 0) is given by, 

, 2 A r / asin 2 # \ 2 p 2 , 2 p 2 - A e sin 2 fl/ , r 2 + a 2 \' 

ds 2 = ±[dt — d(f)) +^-dr 2 + ^-d6 2 + ^- adt — dcj)) 6.26 

P 2 V ^ J A r A e P 2 \ a / 
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where, 

p 2 = r 2 + a 2 cos 2 6 (6.27) 



„2 i „2\ ' 



A r = {r 2 + a 2 ){l + —)-2mr 



I 

A fl = 1 - cos 2 



a 2 



(6.28) 



The position of the event horizon, denoted by r+, is given by the largest solution of the 
polynomial 

A r | r=r+ = (r 2 + a 2 )(l + r -±) - 2mr + = 0. (6.29) 



From the above relation one finds the expression for the black hole mass in terms of its 
horizon radius as 

The angular velocities at the event horizon (fin) and at infinity (fioo) are 



2 x 



n » = 2 7 2 6 - 31 

fioo = (6.32) 

Note that unlike the asymptotically flat Kerr black hole here the angular velocity at 
infinity does not vanish, rather it is proportional to the cosmological constant. The 
effective angular velocity (O) that appears in thermodynamics is given by the difference 
between fl H and [158]- [160] 

r 2 

n = n H - = a{l 2 - (6.33) 

Semiclassical Hawking temperature and entropy for Kerr AdS black hole are given by 
[158]-[160] 



6.2. Phase transition in Kerr Anti-de Sitter (AdS) black holes 



114 



and 

4 (1-f) 

where k is the surface gravity at the event horizon and A is the horizon area of the black 
hole. 

To perform a study based on the tools of thermodynamics, let us first re-express 
various thermodynamic quantities in terms of appropriate variables. The generalised 
Smarr formula for Kerr AdS black hole is given by [158] 



M = M(S, J) 



S nJ 2 J 2 S (S S 
+ ^r + ^ - + 



4tt S I 2 2vr/ 2 V vr 2tt 2 / 2 



(6.36) 



From this relation one can find the expression for the Hawking temperature (T = 4^) 
and angular velocity (f2 = ^j), as given by 

and 

n = m ( 1 + h) ■ (638) 

The above equation may also be interpreted as an expression for the angular momentum 
in terms of mass, entropy and angular velocity. Since this equation will be useful in later 
analysis we write it as, 

M 7T V ^ 

where the new variable a is the angular momentum per unit mass. 

Instead of keeping I throughout the analysis, it is convenient to absorb it by scaling 
the thermodynamic variables. We define Tl, ^f, 4, Jr, ill as the temperature (T), Mass 
(M), angular momentum (J), entropy (S) and angular velocity (Q) of the black hole. In 
terms of these newly defined variables (6.37) is written as, 

1 / 4tt 2 J 2 4S 3S 2 \ . A . 

T =^M 1 -^ 2 " + V + 7 2 - ^ 



J SQ ( S , 

a =T7 = 1 + ^9 ( 6 - 39 ) 
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Similarly, (6. 36), (6. 38) and 6.39) are written as, 



M 2 = 


S ttJ 2 
4tt + S 


n = 


TlJ / 

MS V + 


j 


MQ 


s 


71 + S 



J 2 



S fS s 2 



271 \ 7T 27T Z 



(6.41) 
(6.42) 
(6.43) 



Now using (6.43) we substitute J in (6.41) to express M 2 in terms of S and Q. This 
yields 



M 2 - S1 + ^ 1 + ^< 



An 1 



n 2 s 



(6.44) 



Likewise, replacing M (6.44) in (6.40), the semi-classical temperature is found to be 

' n 2 - 2rrS(n 2 - 2) - 3S 2 (n 2 - 1 



T 



S(tt + S) 3 
{ir + S- Stt 2 ) 



47C2S{7i + sy 



(6.45) 



From the above equation we see that T is real only when 

7i + S - Stt 2 > 
which means 



(6.46) 



Q 2 < 1 + 



7T 

5 



(6.47) 



This imposes a restriction on f2 for a fixed value of the entropy. Note that when Q 2 = , 
the temperature diverges. The first law of thermodynamics for the Kerr-AdS black hole 
is given by [157] 



dM = TdS + QdJ 



(6.48) 



where T is the Hawking temperature and Q is the difference between the angular ve- 
locities at the event horizon (Qh) an d at infinity (fioo)- To get further insight into the 
thermodynamical behaviour of the black hole we calculate the semi-classical specific heat 
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at constant angular velocity (which is the analogue of Cp) from (6.45) by using the 



relation Cq = T (ff;)o- This is found to be 



Cr 



2S(tt + S)(tt + S- SVl 2 ) (tt 2 - 2tiS(Q 2 - 2) - 3S 2 (Vl 2 - 1)) 
(tt + S) 3 {3S - tt) - 6S 2 (tt + S) 2 Q 2 + S 3 (4tt + 3S)Q 4 



(6.49) 



Let us first plot (6.45) and (6.49) with respect to S for a fixed value of O (Q — 0.3). 
These plots are depicted in figure 6.1. From figure 6.1(a) we find that the semiclassical 
Hawking temperature (T) is continuous when plotted with the semi-classical entropy (S). 
For a first order phase transition (like liquid to vapour) the first order derivative of Gibbs 
free energy, i.e. volume and entropy are discontinuous. The continuity of entropy (S) 
(and also J) suggests that for fixed Q there is no first order phase transition taking place 
in the Kerr AdS black hole. Nevertheless there is a minimum temperature for a certain 
value of S (S — 1.09761). Figure 6.1(b) shows a discontinuity in Cq at this critical value 
of entropy (S — S c — 1.09761). However in this plot the discontinuity of specific heat 
is infinite which is completely different from the ordinary thermodynamical systems (for 
example feromagnetic to paramagnetic transformation) where finite discontinuity occurs. 
Note that this transition between two phases of Kerr-AdS black holes have different 
entropies. As entropy is proportional to the square of the black hole mass the critical 
point S c is essentially separating two branches of Kerr-AdS black holes with "smaller" 
and "larger" masses. 



0.34 



0.32 



0.30 



0.28 



0.26 





Figure 6.1: Semi-classical Hawking temperature (T) and Specific heat (Cq) vs entropy 
(S) plot for fixed Q = 0.3. 



Now we move to the next section where we implement the Ehrenfest scheme to classify 
this phase transition. 
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6.2.2 Ehrenfest relations and Kerr-AdS black hole 

We noted earlier that there is a discontinuity in Cq as shown in figure 6.1(b). Nevertheless, 
presence of discontinuities in a and kx are also necessary to show that a phase transition 
is taking place. As mentioned earlier, since Cq, a and kx are all second order derivatives 
of the Gibbs free energy, they must be discontinuous in a second order phase transition. 
In order to check the validity of Ehrenfest's relations (6.19, 6.25), we first calculate these 
physical entities and plot them. 

First using (6.43) and (6.44) we can express J as a function of S and Q, as given by 



sn 



5(tt+5)3 



J{S,Q)= o V 3^ 2) . (6.50) 

27T5(7T + S) 

Using the definition of a (6.39) we write (6.14) as, 

J* = m(£) +a( d -g) (6.51) 



y dT) n \dT /n 

Now to calculate the first term of the right hand side we need a functional relationship 
between a, T and Q. To do so we rewrite the semiclassical entropy of the Kerr AdS black 
hole (6.43) in terms of Q and a as 

S = (6.52) 

In (6.45) T was expressed as T = T(S, Q). Substituting (6.52) in (6.45) we write the 
temperature in terms of a and Q as, 

m mfr> ^ 2att 2 + tta 2 - 2a - SI 

T = T(Q, a) = . 6.53 

4iry/a(a-n)(an-l) 

Now it is straightforward to calculate (§f) n - To calculate the second term of the right 
hand side of (6.51), we write (§f ) Q = (ff ) n (ff ) Q . Now using (6.44) and (6.45) we find, 
(fiOfr Making use of these results, the value of a from (6.52) in (6.51) and substituting 
J from (6.50) we finally obtain the analog of volume expansion coefficient, 

_ ^/4n 3 S{7f + S)(ir + S- ^ 2 )[6^(vr + S) 2 - 2SQ 2 (2ti + 3S)] 

a ~ (tt + s) 3 (3S - tt) - 65 2 (tt + syn 2 + 5 3 (4tt + 3S)n 4 (6 ' 54) 
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Now to find an expression for the analog of compressibility kx = 7 (M)t> we ^ rs ^ 
write J in terms of a and Q in the following manner, 



J 



/a(fi-a) 
2V (1 - an) 



aQ 



(fi-o) 



(6.55) 



Since J cannot be expressed in terms of T and Q we shall use the rules of partial differ- 
entiation to find hp from (6.53) and (6.55). From the theorem dJ = (ff) f2 ( ^ a + (f^) d£l 
we can write 



fdJ\ fdJ_\ fda\ fd£ 



The above equation is written in a more useful form by substituting (f^), 
This gives 



(6.56) 



• 9T N 

, en / 



(-) 

\dn J T 



(dj\ (&r\ _ (8T\ (dj_\ 

\dn)g\da)n \dn)g\da)i 
\ da J ft 



. da In 



(6.57) 



Using (6.53) and (6.55) in the above equation we obtain kx in terms of a and Q. Finally 
eliminating a in favour of S and Q by using (6.52) and then substituting J from (6.50), 
we find, 

{3S - 7r)(7r + S) 3 + 2S(tt + S) 2 {4tt + 3S)Q 2 - S 2 {2tx + 3S) 2 Q 4 



kn 



{3S - tv)Q(ti + S) 3 - 6S 2 (tt + S) 2 Q 3 + S 3 (4n + 3S)fl* 



(6.58) 




s 



Figure 6.2: a and fcr vs entropy (S) plot for fixed Q = 0.3. 



Let us now plot (6.54) and (6.58) with respect to S for a fixed value of Q = 0.3. 
These two plots are shown in (6.2) and show a discontinuity in both these quantities at 
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the same critical value of S c = 1.09761 (see figure 6.1(b)). With these results we are now 
convinced about a genuine phase transition in Kerr-AdS black hole. 

To check the validity of Ehrenfest relations, we start by considering the left hand 
sides of both Ehrenfest's equation (6.19) and (6.25). The left hand side of (6.19) can be 
calculated easily from the relation (6.45). This is found to be 



dTj s Sn(S(n + S)(2ir + 3S)n 2 -3(TT + S) 3 )' { } 

To calculate the left hand side of (6.25), equation (6.53) is written as 

dT=( d ^-\ cZa+(|^] dQ. (6.60) 



\ da J n V dQ J 
For a process where J is constant, from (6.55), one has 

da+(^) dn = 0. (6.61) 



\daj n \9Qj a 

Now eliminating terms involving da from the above two relations and then rearranging 
terms, yields, 

(g) ■ ( 1 

Finally using (6.53) and (6.55) and substituting a in terms of fl and S from (6.52) we 
find, 



dT) j SQ(S(7r + S)(27r + 3S)Q 2 -3(7c + Sy)' [ ' ' 

which gives the left hand side of the second Ehrenfest's equation (6.25) and matches with 
(6.59). 

In order to calculate the right hand sides, Q must be treated as a constant (this is 
analogous to fixing pressure while performing an experiment). This would help us to 

f(S) h(S) 
9(5)' g(S) 



re-express Cq (6.49), a (6.54), and k T (6.58), which have functional forms 4ff, ^© and 



respectively, infinitesimally close to the critical point (So)- Note that they all have 
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the same denominator which satisfies the relation g(So) = 0. This observation is crucial 
in the ensuing analysis. 

The expressions of Cq, a and kx in the two phases (i = 1, 2) are respectively given by 
C$L = C$., a\ = cti and k T \ = k T .. To obtain the R.H.S. of (6.19) we first simplify 
it's numerator: 

n n f(S 2 ) f(Si) (aaA\ 
#(S 2 ) 

Taking the points close to the critical point we may set /(.S^) = /(Si) = /(So) since 
/(S 1 ) is well behaved. However since g(So) = we do not set g(S2) = g(Si) = g(So). 
Thus 

C* 2 - C #1 = f(S ) (-^ - ■ (6.65) 



j{s 2 ) g(Si)J ' 

Following this logic one derives, 

C^-C^ f(S ) 47rl(vr + So-Sofi 2 )I(7r + So)i 



T Q Q(a 2 -a 1 ) T h(S ) VS~ n[3(n + S ) 2 - S n 2 (2n + 3S )} 
and, similarly, 

Q(a 2 -ai) = M5o) 47rl(7r + g -g ^ 2 )l(7r + g )i 
Q(k T2 - k Tl ) k(So) VSoQ[3(^ + So) 2 - S W(2it + 3S Q )} ' 



(6.66) 



(6.67) 



Remarkably we find that the divergence in is canceled with that of a in the first 
equation and the same is true for the case of a and kx in the second equation. From 
(6.59, 6.63, 6.66, 6.67) the validity of the Ehrenfest's equations is established. Hence this 
phase transition in Kerr-AdS black hole is a genuine second order transition. 



6.3 Thermodynamic geometry in Kerr-AdS black hole 

Recently, analysis of black hole phase transitions from the point of view of thermodynamic 
state space (Ruppeiner) geometry has drawn some attention. In this approach Ruppeiner 
metric is defined by the Hessian of the entropy and this gives the pair correlation function 
[51, 50]. Also, the invariant length on the thermodynamic state space, defined by the 
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Ruppeiner metric, when exponentiated, gives the probability distribution of fluctuations 
around the maximum entropy state [161]. Using the tools of Riemannian geometry, 
Ruppeiner curvature scalar (R) is defined and this is interpreted as the correlation volume 
multiplied by some proportionality constant [162]. Normally it is believed that the idea of 
correlation length has its root in the microscopic details of the system. But, remarkably, 
in the Ruppeiner geometry, a purely thermodynamic quantity (R) is claimed to serve 
the same purpose as the correlation length. This interpretation has been found quite 
successful in describing many second order phase transitions where this curvature scalar 
diverges at the critical point [163, 164]. Now we examine whether such an interpretation 
holds for phase transition in Kerr AdS black hole. 

The Ruppeiner metric is defined as [51] 

dS 2 = gf j dX i dX j (6.68) 



1 Kl 

where, gij = - d £g X j , and X 1 = X\M, N a ). Here N a, s are all other extensive variables 
of the system. For Kerr AdS black hole N a = J. In order to find it is desirable to 
express S in terms of M and J. However from (6.41) we see that M is expressed as a 
function of S and J which is not invertible. In fact in this situation we can calculate the 
Weinhold metric which is defined in the following way [49], 

dS 2 w = gY J dX t dX j (6.69) 

where = ^^ax? ' an< ^ ^ l = -^(^ J)- ^ i s we ^ known that Ruppeiner metric and 
Weinhold metric are related by a conformal factor [165, 166] 

dS% = ^dS 2 w (6.70) 

where T is the temperature of the system. In our example this would correspond to 
the Hawking temperature of the Kerr AdS black hole. Now using (6.41) we can easily 
calculate dSyy and from that we can get dS R by using (6.70) and (6.40). An explicit form 
of dSft is given by 

dS% = g SS dS 2 + 2g SJ dSdJ + gjJ dJ 2 (6.71) 
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where 



9ss 
9sj 
9jj 



1 

~2 
9js 



1 



S{2n + 3S) 



S tt + S 4J% 3 + S 2 (n + S) 
1 



-4Jvr d 



+ 



4S{ir 2 + 67r,g + 6S 2 ) 
-AJH i + S 2 (7r + S)(n + 3S) 
2tt 



4J% 3 + S 2 (TT + S) 4J 2 7T i -S 2 (TT + S)(TT + 3S) 

4n 3 S 3 (7i + S) 2 



(6.72) 



(4J% 3 + S 3 + 5 2 7r)(-4J 2 7r 4 + S 2 (tt + 5)(tt + 35)) 

By definition Ruppeiner curvature is constructed exactly like the Riemannian curvature 
and for two dimensions the curvature scalar is given by [51], 



R 



1 

"vl 



d ( 9sj dg 



ss 



1 dg 



j j 



dS \^gg S s dJ Jg dS J dJ \^g dJ Jg dJ 



d f 2 dg. 



s.i 



1 dg 



ss 



9sj dg, 



ss 



^9ss dS 

(6.73) 



Considering the metric (6.72) we now calculate R as a function of S and J. Finally using 
the relation (6.50), one can find R as a function of S and Q. Since these expressions are 
quite lengthy we do not give those results here, instead we plot R with S for different 
values of ft, as shown in figure 6.3. 
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Figure 6.3: Thermodynamic scalar curvature (R) vs entropy (S) plot: Q = 0.3 in 6.3(a) 
and Q = 1.5 in 6.3(b). 



Let us now explain the different plots one by one: 

(i) In figure 6.3(a) we take Q = 0.3 and this curve shows a divergence at S CT n = 1.0976 
which is exactly the case where Cq was discontinuous. Since we have already shown that 
the nature of this phase transition is second order it confirms the common belief that the 
divergence of R means occurrence of second order phase transition. 

(ii) In figure 6.3(b) we see that R is also divergent at S = 1.4 for Q = 1.5. Note that this 
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choice for S and Q is compatible with the consistency condition (6.46). But we do not find 
any discontinuity in Cq at this point and therefore there is no phase transition occurring 
here. This clearly shows that for this case it is incorrect to associate the divergence of R 
with a phase transition. 

Though R is divergent in both figures 6.3(a) and 6.3(b), it is clear that the nature of 
divergences are completely different. While in figure 6.3(a) the divergent sector of the 
curve is symmetric with respect to the R axis shifted at the singular point (S CT i t = 1.0976), 
in the other figure it is antisymmetric at the singular point. Thus from our analysis we 
conclude that a divergence of R that is similar to figure 6.3(a) signals a second order 
phase transition in the Kerr AdS black hole. 

6.4 Discussions 

To summarise, in this chapter we adopted the standard formalism, based on Clapeyron's 
and Ehrenfest's scheme used in conventional thermodynamic systems, for black holes. 
According to Clapeyron's formalism a discontinuity in entropy is necessary for a first 
order phase transition. However the semiclassical entropy of the Kerr-AdS black hole 
was continuous and thus the possibility of a first order phase transition was absent. The 
discontinuity in the specific heat (Cq) of the Kerr-AdS black hole suggested the possibility 
of a higher order phase transition and motivated us to check the validity of Ehrenfest's 
equations. We derived such elations for rotating black holes. For a true second order 
phase transition these equations must be satisfied. We discovered that for all allowed 
values of the angular velocity (0 < Q < 1), where the critical point lied in the physical 
domain, the Ehrenfest's equations were satisfied. 

The differences in the application of Ehrenfest's scheme to black holes vis-a-vis con- 
ventional thermodynamical systems were highlighted. The infinite divergences appearing 
on the phase transition curves were discussed. We developed a method for checking the 
validity of Ehrenfest's relations infinitesimally close to the critical point. As a remarkable 
fact it was found that the infinite divergences of various physical quantities (Cq, a, kr) 
cancel each other eventually leading to a confirmation of both Ehrenfest's relations. 

Another aspect of our work was an attempt to connect the state space geometry with 
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the phase transition of the Kerr AdS black hole. We calculated the Ruppeiner curvature 
scalar (R) and investigated its behaviour at the critical point of a second order phase 
transition (Q < 1). It was found that R always diverged at this critical point. This 
was compatible with a pattern, suggested by individual studies carried out for various 
thermodynamic systems (for a review see [51]), that the divergence of R is a characteristic 
of a second order phase transition. However, a divergence in R was also noted for Q > 1 
where no phase transition occurs. This indicated a deviation from the afore-stated pattern 
where a divergence in R signalled a phase transition. But it must be stressed that the 
nature of the divergence of R in the latter (Q > 1) case was found to be completely 
different from the previous (Q < 1) case. Thus our study revealed that only a particular 
type of singularity (symmetric type) in R can correctly locate the phase transition point 
for the Kerr-AdS black hole. 



Chapter 7 



Conclusions 



This thesis is dedicated to study some aspects of black hole thermodynamics by using 
the concepts of quantum mechanics and conventional thermodynamics. In our journey 
we derived some known results using new techniques and also found some new results 
with fresh insights. In the following we summarize our findings for each of the last five 
chapters. 

In the second chapter, we provided a brief introduction to Komar conserved charges. 
Then we generalised the original work of Smarr [56] to obtain the mass formula for arbi- 
trary dimensional Reissner-Nordstrom black holes. However this approach could not be 
generalised to the rotating case which motivated us to perform an alternative analysis. 
In this analysis we evaluated the Komar conserved charges corresponding to appropriate 
Killing vectors at any arbitrary point on or outside the event horizon. This may be com- 
pared with conventional methods where these conserved charges are calculated either at 
the horizon or at infinity. Using these results, we found the conserved quantity (K x n) at 
the event horizon for the null Killing vector (x M ) which was a combination of two vec- 
tors which are, respectively, asymptotically time-like and space-like. Interestingly, K x ^ 
satisfies the remarkable relation K x ^ = 2ST for any dimensions. The striking nature of 
was that in spite of the explicit dimensional dependence of all individual 
quantities (K x n (2.68), S (2A.15), T (6.40)) the relation itself was completely dimen- 
sion independent. Furthermore, no explicit black hole parameters (like mass, angular 
momentum or charge) appeared in this relation. As an application of this identity we 
also derived the generalized Smarr formula for charged Myers-Perry black holes in any 



125 



126 



dimension. This new identity is local and thus can be interpreted as a local version 
of the inherently non-local Smarr formula. Several consistency checks were performed 
which reassured the validity of this new formula. Using Euler's theorem on homogeneous 
functions the compatibility of the generalised Smarr formula with the first law of black 
hole thermodynamics was demonstrated. There are three appendices presented at the 
very end of the second chapter. In first two appendices (2. A, 2.B) we provide relevant 
information about the Myers-Perry and Kerr-Newman spacetimes. In the final appendix 
(2.C) dimensional reduction (N + 1 dimensions to two dimensions) of the Myers- Perry 
black holes was briefly discussed. 

In the third chapter, we discussed Hawking effect by using the method of quantum 
tunneling. Following a WKB type approach we derived Hawking temperature by con- 
sidering tunneling of scalar particles and fermions. This particular method, for studying 
Hawking effect, was provided by Padmanabhan et al ([10]). We extend this methodology 
by applying it to a axisymmetric, non-static (KN) spacetime and also by going beyond 
the standard semi-classical approximation. In order to do the latter we used the method 
of Banerjee and Majhi ([16]) and generalized it for the above spacetime. We include 
the higher order in h terms in the WKB ansatz which resulted into higher order correc- 
tions to the Hawking temperature with some unknown coefficients that were subsequently 
discussed in details in chapter 4 

We then followed a density matrix technique and derived the blackbody radiation 
spectrum for both black hole (event) horizon and cosmological horizon in arbitrary di- 
mensions. This method was first provided in ([17]) and was concerned only to (3+1) 
dimensional black hole (event) horizons. There are three appendices at the end of the 
third chapter. In appendices (3. A, 3.B) we provided Kruskal extensions of black hole 
event horizons and cosmological horizons respectively. In the last appendix (3.C) an 
outline for identifying various modes was provided. 

In the fourth chapter, we introduced a new and simple approach to derive the "first 
law of black hole thermodynamics" from the thermodynamical perspective where one 
does not require the "first law of black hole mechanics" . The key point of this derivation 
was the observation that "black hole entropy" is a state function. In the process we ob- 
tained some relations involving black hole entities, playing a role analogous to Maxwell's 
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relations, which must hold for any stationary black hole. Based on these relations, we 
presented a systematic calculation of the semi-classical Bekenstein-Hawking entropy tak- 
ing into account all the "work terms on a black hole" . This approach is applicable to any 
stationary black hole solution. The standard semi-classical area law was reproduced. An 
interesting observation that emerged from the calculation was that the work terms did 
not contribute to the final result of the semi-classical entropy. 

We then extended our method for calculating entropy in the presence of higher order 
corrections to the Hawking temperature found in chapter 3. However this result involved a 
number of arbitrary constants. Demanding that the corrected entropy be a state function 
it was possible to find an appropriate form of the corrected Hawking temperature. By 
using this result we explicitly calculated the entropy with higher order corrections. In the 
process we again found that work terms on black hole did not contribute to the final result 
of the corrected entropy. This analysis was done for the Kerr-Newman spacetime and it 
was trivial to find the results for other stationary spacetimes like (i) Kerr, (ii) Reissner- 
Nordstrom and (iii) Schwarzschild by taking appropriate limits. It is important to note 
that the functional form for the corrected entropy is same for all the stationary black 
holes. The logarithmic and inverse area terms as leading and next to leading corrections 
were quite generic up to a dimensionless pre-factor. 

It was shown that the coefficient of the logarithmic correction was related with the 
trace anomaly of the stress tensor and explicit calculation of this coefficient was also 
done. This was a number (^) for both Schwarzschild and Kerr black hole. The fact 
that both Kerr and Schwarzschild black holes have identical corrections was explained 
on physical grounds (the difference between the metrics being purely geometrical and 
not dynamical) thereby serving as a nontrivial consistency check on our scheme. It 
may be noted that the factor (^) was also obtained (for the Schwarzschild case) in 
other approaches [132, 18] based on the direct evaluation of path integrals in a scalar 
background. For the charged spacetime (Reissner-Nordstrom and Kerr-Newman) the 
coefficients were not pure numbers, however in the Q = limit they reproduced the 
expressions for the corresponding charge- less versions. 

The fifth chapter was devoted to study the thermodynamics of non-commutativity 
inspired Schwarzschild black hole. Using a graphical analysis we derived the modified 
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area law which is valid for the entire nonextremal regime. Our result was valid up to all 
order effects of the non-commutative parameter (9). The higher order corrections due 
to 9 involved exponentials, as well as error functions. We then found a more general 
expression for the entropy of NC Schwarzschild black hole by considering both NC and 
quantum effect (only upto leading orders) terms. We again found a logarithmic correction 
in the leading order, however, the coefficient of this correction was modified due to the 
NC effect. In the 9 — > limit all known results for the Schwarzschild black hole in 
commutative space were recovered. 

Finally, in the sixth chapter we presented a new formulation to exhibit and classify 
phase transitions in black holes. It was based on an application of Clapeyron's and 
Ehrenfest's ideas to black hole systems. According to these well known methods for a 
first order phase transition first order derivatives (entropy and volume) of Gibbs energy 
is discontinuous and they satisfy the Clausius-Clapeyron equation. A famous example of 
this is liquid to vapour phase transition. Similarly, for a second order phase transition, 
the second order derivatives of G (i.e. specific heat, volume expansion coefficient and 
compressibility) are discontinuous and two Ehrenfest's relations are satisfied [155, 156]. 

We first exploited a gibbsian approach and derived Ehrenfest's relations for rotating 
black holes. We then explicitly considered the Kerr black holes defined in AdS spacetimes. 
It was shown that for Kerr-AdS black holes there exists a phase transition from the lower 
to higher mass branch, which is not first order. We established the validity of Ehrenfest 
relations. Thus this phase transition is genuine second order. An alternative method, 
based on thermodynamic geometry was also executed, which reconfirmed the occurrence 
of the above mentioned phase transition. Our analysis thus strongly suggested that black 
holes are indeed governed by the concepts of thermodynamics. 

There are some issues which are worthy for working out in future. For example, 
generalizing our method for deriving an appropriate mass formula (similar to Smarr mass 
formula) and first law for black holes in more general theories of gravity (e.g. Lanzcos- 
Lovelock (LL) gravity) could be possible. For that we first need to find out the analog 
of Komar conserved charges in LL gravity. From that we would also be able to check 
whether or not the identity K x n = 2ST is valid for LL theory. Another important project 
is the study of black hole phase transition in more detail. Particularly, finding an order 
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parameter description and connecting it with the AdS/CFT framework are important 
future prospects. 
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